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Abstract

This study examines how two R&D policy instruments: patent protection and research
subsidies, affect income inequality in an endogenous growth model with households who
possess heterogeneity in assets and skills. We find that the effect of strengthening patent
protection on income inequality can be positive or U-shaped, whereas the effect of increasing
research subsidies can be positive, negative, or U-shaped; these effects are disambiguated by
the comparison between asset heterogeneity and skill heterogeneity.
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1 Introduction

An increasingly important phenomenon in today’s world is the rising degree of income in-
equality (See, for example, Piketty 2014 and Saez and Zucman 2016). This issue motivates re-
searchers to study distributional implications of various policy regimes, such as monetary policy
(e.g., Kaplan et al. 2018 and Rocheteau et al. 2018) and patent policy (e.g., Kiedaisch 2020 and
Chu et al. 2021), in addition to the macroeconomic implications. Given that patent protection and
R&D subsidies are two frequently used policy instruments that stimulate technological progress
and economic growth, this study revisits their effects on income inequality in a lab-equipment
specification of quality-ladder growth model with heterogeneous households. Differing from the
existing literature such as Chu (2010) and Chu and Cozzi (2018) who consider wealth heterogene-
ity in terms of asset holdings, this study also takes into account worker heterogeneity in terms
of skill endowments; the former captures households’ asset income inequality whereas the latter
captures their wage income inequality.1 We find that the relation between the R&D policy levers
and income inequality is contingent on the relative importance of the two types of heterogeneity.

As in the existing studies, strengthening patent protection (by means of patent breadth) and
raising R&D subsidies both increase the rates of innovation and economic growth; this positive
growth effect increases the ratio of asset income to wage income. However, strengthening patent
protection increases the value of financial assets whereas raising R&D subsidies decreases it.
Overall, the ratio of asset income to wage income is increasing in patent protection and decreasing
in R&D subsidies. Since skill heterogeneity leads to wage income inequality, income inequality
is increasing (decreasing) in the ratio of asset income to wage income only if asset heterogeneity
is larger (smaller) than skill heterogeneity. Therefore, the effects of patent protection versus R&D
subsidies on income inequality also depend on the comparison between asset heterogeneity and
skill heterogeneity.

Specifically, if asset heterogeneity dominates skill heterogeneity, a larger patent breadth in-
creases the ratio of asset income to wage income, thereby enlarging income inequality. Never-
theless, a higher R&D subsidy rate decreases the ratio of asset income to wage income, so it
would have a decreasing or even a U-shaped effect on income inequality.2 By contrast, if asset
heterogeneity is dominated by skill heterogeneity, a larger patent breadth first mitigates income
inequality and finally enlarges it, giving rise to a U-shaped pattern.3 Nevertheless, a higher R&D

1When considering elastic labor supply, this strand of literature (e.g., Chu 2010) can also produce an unequal dis-
tribution of wage income. However, this wage income distribution is essentially determined by the asset distribution,
because the amount of working time by each household is related to her asset endowments. Our model adds a skill
dimension to break this strong link between labor income heterogeneity and asset heterogeneity.

2As shown in Section 3, the U-shaped relation between R&D subsidies and income inequality arises because R&D
subsidies alter the relative heterogeneity between assets and skills. Therefore, there exists a threshold for the asset-skill
relative heterogeneity below (above) which a higher R&D subsidy rate mitigates (enlarges) income inequality.

3Similarly, Section 3 shows that the U-shaped relation between patent protection and income inequality arises
because patent breadth also alters the relative heterogeneity between assets and skills. Therefore, there exists a
threshold for the asset-skill relative heterogeneity below (above) which stronger patent protection mitigates (enlarges)
income inequality.
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subsidy rate strictly enlarges income inequality.
By considering these two dimensions of heterogeneity, this model provides a potential mech-

anism in reconciling the empirical inconsistency on the connection between patent protection
and income inequality.4 In addition, our theoretical analysis shows that the connection between
R&D subsidies and income inequality may have even more variations.

2 The model

In this section, we extend the quality-ladder growth model in Acemoglu (2009) (Chapter 14)
by introducing into households asset heterogeneity as in Chu (2010) and Chu et al. (2021) and
skill heterogeneity as in García-Peñalosa and Turnovsky (2015). Moreover, we consider patent
breadth and R&D subsidies as policy instruments as in Yang (2018) and Chu and Cozzi (2018).

2.1 Households

The economy admits a unit continuum of households indexed by s ∈ [0, 1], who have the
same preference over consumption Ct(s) but possess different levels of initial assets and skills.
The lifetime utility function for household s is

U(s) =
∫ ∞

0
e−ρt ln Ct(s)dt, (1)

where ρ > 0 represents the discount rate. Households maximize their lifetime utility subject to
the following budget constraint:

Ȧt(s) = rt At(s) + wtH(s)− Ct(s)− τt, (2)

where At(s) is the value of financial assets owned by household s and rt is the real interest rate.
Household s ∈ [0, 1] is endowed with H(s) units of skills and does not accumulate skills.5 Each
household inelastically supplies one unit of labor, providing H(s) units of skill augmented labor
(or effective labor). Moreover, wt is the wage rate and τt is the lump-sum tax.

From standard dynamic optimization, we derive the familiar Euler equation

Ċt(s)
Ct(s)

= rt − ρ. (3)

implying that all households have the same growth rate of consumption such that Ċt(s)/Ct(s) =
Ċt/Ct, where Ct ≡

∫ 1
0 Ct(s)ds is the aggregate consumption of final good.

4For instance, empirical findings in Adams (2008) indicate a positive correlation between intellectual property
rights and income inequality, whereas Chu et al. (2021) find a negative long-run relation between patent strength and
income inequality.

5To ensure the tractability of the model, we assume that households’ skills are exogenously given. See Turnovsky
and Mitra (2013) for a generalized model that allows both endogenous physical and human capital accumulation.
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2.2 Final good

Final good (numeraire) is produced by a mass of perfectly competitive firms according to

Yt =
H1−α

α

∫ 1

0
qt(ε)xt(ε|q)αdε, α ∈ (0, 1) (4)

where H is the efficient labor and xt(ε|q) is the quantity of intermediate goods in industry
ε ∈ [0, 1], whose quality at time t is qt(ε). The quality evolves as follows:

qt(ε) = q0(ε)λ
nt(ε), (5)

where q0 is the quality level at time 0, λ > 1 measures the quality step size of each innovation,
and nt(ε) denotes the number of innovations on this product line between time 0 and t. From
profit maximization, we obtain the conditional demand functions for H and xt(ε|q), respectively,

H = (1− α)Yt/wt, (6)

and

xt(ε|q) =
(

qt(ε)

pt(ε|q)

) 1
1−α

H, (7)

where pt(ε|q) is the price of xt(ε|q).

2.3 Intermediate goods

Differentiated intermediate goods in industry ε are produced by a monopolistic leader who
holds a patent on the latest innovation. The leader’s products will be replaced when a new
entrant, who has a more advanced innovation, enters the market. The marginal cost of pro-
ducing a unit of intermediate good is ηqt(ε) units of final good, where η ∈ (0, 1). The ε-th
intermediate-good producer maximizes her profits Πt(ε) = [pt(ε|q)− ηqt(ε)]xt(ε|q), subject to
(7). Following Yang (2018), we assume incomplete patent protection in the sense that the current
leader’s markup µ is a policy instrument that reflects the level of patent breadth set by the poli-
cymaker, and the range of the markup is given by µ ∈ (1, 1/α], where 1/α is the unconstrained
markup under perfect patent protection. Therefore, the profit-maximizing price is

pt(ε|q) = µηqt(ε). (8)

Combining (7) and (8) yields the quantity of intermediate goods in industry ε:

xt(ε|q) = (µη)
−1

1−α H. (9)
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Consequently, the monopoly flow profit is

Πt(ε|q) =
(

µ− 1
µ

)
(µη)

−α
1−α qt(ε)H. (10)

2.4 Innovations and R&D

Denote by Vt(ε|q) the value of a firm who holds the most recent innovation in line ε. Accord-
ingly, the familiar Hamilton-Jacobi-Bellman (HJB) equation for Vt(ε|q) is

rtVt(ε|q) = Πt(ε|q) + V̇t(ε|q)− It(ε|q)Vt(ε|q). (11)

If a firm spends Zt(ε|q) units of final good for research in product line ε when quality is at level
q, it then generates a flow rate

It(ε|q) =
ϕZt(ε|q)
Hqt(ε)

, ϕ > 0 (12)

of innovation. This innovation improves the product line ε to a more advanced quality λqt(ε).
Equation (12) implies that the probability of the next successful innovation is decreasing in qual-
ity qt(ε), capturing the increasing research complexity.6

Free entry into research implies that the expected profit on R&D investment Zt(ε|q) must be
zero such that It(ε|qλ−1)Vt(ε|q)− (1− β)Zt(ε|qλ−1) = 0, where the policy parameter β ∈ (0, 1)
is the R&D subsidy rate. Combining this equation with (12) yields

Vt(ε|q) =
(1− β)Hqt(ε)

ϕλ
. (13)

2.5 Aggregation

Substituting (9) into (4) yields the total output:

Yt = (µη)
−α

1−α QtH/α, (14)

where

Qt ≡
∫ 1

0
qt(ε)dε (15)

is the average total quality of intermediate goods. Using (8) and (9), the aggregate expenditure
on final good used to produce intermediate goods is

Xt =
∫ 1

0
ηqt(ε)xt(ε|q)dε = η(µη)

−1
1−α QtH. (16)

6See Annicchiarico et al. (2022) for a similar R&D specification and a detailed discussion for this setup.
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Substituting (14) into (6) yields the equilibrium wage rate:

wt =

(
1− α

α

)
(µη)

−α
1−α Qt. (17)

From (10) and (15), the total profit of the intermediate-good sector is

Πt ≡
∫ 1

0
Πt(ε|q)dε =

(
µ− 1

µ

)
(µη)

−α
1−α QtH. (18)

Finally, denote by Vt the aggregate market value of firms in the intermediate-good sector. Using
(15), Vt is expressed as

Vt =
∫ 1

0
Vt(ε|q)dε =

(1− β)QtH
ϕλ

. (19)

2.6 Government

The government decides on the level of patent protection µ. In addition, it collects tax rev-
enues to finance R&D subsidies and non-productive government expenditure Gt subject to the
following balanced-budget condition:

τt = βZt + Gt, (20)

where Zt =
∫ 1

0 Z(ε|q)dε is the aggregate R&D expenditure and Gt = γYt is assumed to be
proportional to output. The parameter γ ≡ Gt/Yt is the ratio of government expenditure to
output.

2.7 Decentralized equilibrium

We define the decentralized equilibrium in Appendix A.

2.8 Effects on innovation and economic growth

When policy tools, i.e., µ and β, change to their new and permanent levels, the economy
immediately jumps to a unique and stable balanced growth path (BGP) along which variables
{Yt, Ct, Xt, Zt, Qt, Vt, wt} grow at the same and constant rate.7 Therefore, for a given level of
quality qt(ε), which is constant between time t and t + ∆t (until a new innovation arrivies in this
line), the value of a firm in line ε (i.e., Vt(ε|q)) is also constant, namely V̇t(ε|q) = 0. Thus, from
(11), we have

V(ε|q) = Π(ε|q)
r + I(ε|q) ⇔ r∗ + I∗ =

ϕλ(µ− 1) (µη)
−α

1−α

µ(1− β)
, (21)

7See Appendix A for the proof.
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where the second equality applies (10) and (13). Notice that r∗ and I∗ are the steady-state levels
of the interest rate and the innovation arrival rate, implying that I∗ is identical across product
lines. Substituting (21) into (3) yields the equation solving for the steady-state growth rate of
output (and technology):

g∗ = r∗ − ρ =
ϕλ(µ− 1) (µη)

−α
1−α

µ(1− β)
− I∗ − ρ. (22)

Moreover, by definition, in a time interval ∆t, there are It∆t sectors that experience one innova-
tion, which increases the productivity by λ. Therefore, the dynamics of Qt is

Qt+∆t = It∆t
∫ 1

0
λqt(ε)dε + (1− It∆t)

∫ 1

0
qt(ε)dε = Qt[1 + It∆t(λ− 1)]. (23)

Subtracting Qt from both sides, dividing by ∆t, and taking the limit as ∆t→ 0 yields

g∗ =
Q̇t

Qt
= I∗(λ− 1), (24)

where Q̇t = lim∆t→0(Qt+∆t −Qt)/∆t. Then combining (22) and (24) yields

I∗ =
ϕ(µ− 1) (µη)

−α
1−α

µ(1− β)
− ρ

λ
, (25)

and substituting (25) into (24) yields the steady-state output growth rate

g∗ =
ϕ(λ− 1)(µ− 1) (µη)

−α
1−α

µ(1− β)
− ρ(λ− 1)

λ
. (26)

It can be verified that both (25) and (26) are increasing in µ and β; these are the traditional
macroeconomic effects of patent protection and R&D subsidies as in Yang (2018) and Chu and
Cozzi (2018).

3 R&D policy and income inequality

Denote by H ≡
∫ 1

0 H(s)ds and θH,0(s) ≡ H(s)/H the aggregate effective labor supply and the
skill share of household s at time 0, respectively. Because all households’ skills are exogenously
given, the skill share of household s must be stationary such that θH,t(s) = θH,0(s). Consider
a general distribution function of skill share with a mean of one and a standard deviation of
σH > 0. Then this distribution must be stationary over time.

Similarly, denote by θA,t(s) ≡ At(s)/At and θA,0(s) ≡ A0(s)/A0 the asset share of household
s at time t and 0, respectively. We also consider a general distribution function of initial asset
share with a mean of one and a standard deviation of σA > 0. Appendix A shows that the asset
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share is constant over time and exogenously determined at time 0.
The amount of income earned by household s and all households are Dt(s) = rt At(s) +

wtH(s) and Dt = rt At +wtH, respectively. Combining these equations yields the share of income
earned by household s:

θD,t(s) ≡
Dt(s)

Dt
=

rt AtθA,0(s) + wtHθH,0(s)
rt At + wtH

, (27)

where the second equality applies θA,t(s) = θA,0(s). Therefore, the distribution of income at time
t has a mean of one and the following variance:

σ2
D,t ≡

∫ 1

0
[θD,t(s)− 1]2ds =

(
rt At

rt At + wtH

)2

σ2
A +

(
wtH

rt At + wtH

)2

σ2
H

=

(
Φt

1 + Φt

)2

σ2
A +

(
1

1 + Φt

)2

σ2
H,

(28)

where Φt ≡ rt At/wtH is the ratio of asset income to wage income. For simplicity, we follow Jin
(2009) to assume a zero covariance σA,H = 0.8

Equation (28) shows that the degree of income inequality, measured by the variance of in-
come distribution σ2

D, is a weighted average of the variances of asset distribution σ2
A and skill

distribution σ2
H. Since both distributions are stationary and independent of the policy tools, a

change in µ or β affects σ2
D by altering the relative contribution of asset heterogeneity to skill

heterogeneity, which is governed by the ratio of asset income to wage income, Φt. In the existing
literature in which wage income inequality is absent (e.g., Chu and Cozzi 2018), income inequal-
ity is monotonically increasing in Φt, because a higher Φt implies that asset heterogeneity has
more weights on the income distribution. Nevertheless, the introduction of skill heterogeneity
in our model alters this outcome. A rise in Φt increases the degree of income inequality only if
asset heterogeneity is larger than skill heterogeneity (i.e., a lower σ2

H/σ2
A); otherwise, a rise in Φt

decreases income inequality.

Lemma 1. The degree of income inequality is increasing (decreasing) in the ratio of asset income to wage
income Φt if Φt > (<)σ2

H/σ2
A.

Proof. Differentiating (28) with respect to Φt shows that ∂σ2
D,t/∂Φt ≷ 0⇔ Φtσ

2
A ≷ σ2

H.

Next, we explore the effects of a rise in µ and β on Φt, respectively. Combining (17) and (19)
yields

At

wtH
=

QtH/ϕλ

(1− α)QtH(µη)
−α

1−α /α
=

α(1− β)(µη)
α

1−α

λϕ(1− α)
, (29)

which is stationary in equilibrium, increasing in µ, and decreasing in β. Furthermore, together

8In Appendix B, we will discuss numerically the case of non-zero covariance.
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with the fact that r∗ = ρ + g∗ in (3) is also stationary, we have

Φt = Φ =
α(λ− 1)(µ− 1)

µλ(1− α)
+

αρ(1− β)(µη)
α

1−α

ϕλ2(1− α)
(30)

and σ2
D,t = σ2

D are both stationary.
A change in µ or β then affects Φ through two channels: through the interest rate r∗ and the

ratio of asset to wage income At/wtH. First, a larger µ or β increases Φ because it raises g∗ in
(26) and thus r∗ in (3); this is identified as the interest-rate effect in Chu and Cozzi (2018). Second,
increasing µ raises the ratio of assets to wage income At/wtH, because it increases the asset value
At by driving up the monopoly profits flow according to (10). However, a higher subsidy rate
β reduces the asset income by decreasing the value of inventions in (13); this is identified as the
asset-value effect in Chu and Cozzi (2018). Combining these effects leads to a positive impact of µ

on Φ and a negative impact of β on Φ.
We now analyze how a rise in µ affects σ2

D.9 Differentiating σ2
D in (28) with respect to µ shows

∂σ2
D

∂µ
≷ 0⇔

(
Φσ2

A − σ2
H
) ∂Φ

∂µ︸︷︷︸
+

≷ 0. (31)

When asset heterogeneity is larger than skill heterogeneity in the no-market-power environment
such that Φµ=µ→1+ > σ2

H/σ2
A, the positive effect of µ on Φ and Lemma 1 together imply that

σ2
D is monotonically increasing in µ. The reason is that as µ rises, the condition Φµ>µ > σ2

H/σ2
A

continues to hold because ∂Φ/∂µ > 0. By contrast, when asset heterogeneity is smaller than
skill heterogeneity such that Φµ=µ→1+ < σ2

H/σ2
A, then starting from a low level of patent breadth,

increasing µ reduces σ2
D. However, as µ continues to rise, the sign of the condition Φµ>µ < σ2

H/σ2
A

will eventually be reversed, so that income inequality becomes increasing in µ. Therefore, the
overall impact of a rise in µ on income inequality is U-shaped.

Similarly, to see how a rise in β affects σ2
D, differentiating σ2

D with respect to β yields

∂σ2
D

∂β
≷ 0⇔

(
Φσ2

A − σ2
H
) ∂Φ

∂β︸︷︷︸
−

≷ 0. (32)

When asset heterogeneity is larger than skill heterogeneity in the no-research-subsidy environ-
ment such that Φβ→0+ > σ2

H/σ2
A, the negative effect of β on Φ and Lemma 1 together imply two

cases. First, as β increases to unity and if Φβ→1− > σ2
H/σ2

A still holds, σ2
D is a monotonically

decreasing function of β. Second, as β increases to unity and if Φβ→1− < σ2
H/σ2

A holds instead,
σ2

D is a U-shaped function of β. By contrast, when asset heterogeneity is smaller than skill het-
erogeneity such that Φβ→0+ < σ2

H/σ2
A, σ2

D is a monotonically increasing function of β because

9In Appendix B, we calibrate our model to the US data and perform numerical exercises to examine the impacts of
patent protection and R&D subsidies on income inequality.
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Φβ>1− < σ2
H/σ2

A continues to hold as ∂Φ/∂β < 0. The following proposition summarizes the
above results.

Proposition 1. The degree of income inequality can be a monotonically increasing function of patent
breadth µ if Φµ=µ→1+ > σ2

H/σ2
A, and a U-shaped function if Φµ=µ→1+ < σ2

H/σ2
A. In addition, the

degree of income inequality can be a monotonically increasing function of the R&D subsidy rate β if
Φβ→0+ < σ2

H/σ2
A, and a monotonically decreasing or U-shaped function if Φβ→0+ > σ2

H/σ2
A.

Proof. Proven in text.

4 Conclusion

This study analyzes the effects of patent protection versus R&D subsidies on innovation and
income inequality in a Schumpeterian growth model with households who are heterogeneous
in both asset holdings and skill endowments. Although raising the level of patent protection
and the rate of R&D subsidy leads to a symmetric, positive effect on innovation and economic
growth, they generate asymmetric distributional effects on income inequality, depending on the
relative importance of asset heterogeneity and skill heterogeneity.
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