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Abstract

This study investigates the growth and welfare effects of monetary policy in a Schum-
peterian economy featuring cash-in-advance (CIA) constraints and two engines of growth:
innovation from R&D and human capital accumulation from endogenous fertility. Our the-
oretical analysis considers the cases of various CIA constraints. When the CIA constraint is
only on consumption, higher inflation retards economic growth by weakening human capi-
tal accumulation. When the CIA constraint is only on R&D, higher inflation would generate
a negative or U-shaped effect on economic growth, depending on the interplay between in-
flationary effects on innovation and human capital accumulation. When the CIA constraint
is only on manufacturing, the growth effect of inflation could be positive (negative) if the
positive growth effect from technological progress dominates (is dominated by) the negative
effect from human capital accumulation. Our quantitative analysis finds a generally nega-
tive inflation-growth relationship in the calibrated economy. Moreover, the welfare effect of
inflation is also negative, implying that the Friedman rule is optimal.
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1 Introduction

In recent years, researchers have investigated the link between demographic changes and
inflation (see, for example, Bullard et al. 2012, Broniatowska 2019, Juselius and Takáts 2021),
considering that the interaction between demographic changes and inflation may affect the ef-
fectiveness of monetary policy. Monetary policy, as a common technique of policy regulation,
plays a crucial role in economic growth and development. However, demographic changes have
received relatively less attention in analyzing how they impact monetary-policy outcomes. This
paper aims to revisit the effects of monetary policy when demography is taken into account and
reveals a subtle and novel channel – fertility choices – for monetary policy to impact economic
growth and social welfare.

Linking fertility choices to monetary policy may seem unrelated at first glance. However, hu-
mans, if rational, optimize their fertility choices along with other decisions such as consumption
and investments. More importantly, existing empirical studies provide evidence for the correla-
tion between fertility and monetary policy (see He 2018a and Affuso et al. 2022). Given these facts
and evidence and considering that fertility choices and human capital accumulation goes hand
in hand,1 this study develops a dynamic general framework to reexamine the impacts of mon-
etary policy on economic growth by incorporating endogenous fertility and human capital into
the Schumpeterian quality-ladder model in Grossman and Helpman (1991), where long-run eco-
nomic growth depends on two independent growth engines: technological progress and human
capital accumulation. In this study, the endogenous fertility choice operates through the growth
engines in a different fashion. On the one hand, a higher fertility rate crowds out households’
time allocation to education and dilutes human capital per household member, stifling human
capital accumulation. On the other hand, a higher fertility rate crowds out the households’ time
allocation to working activities, slowing technical progress. Consequently, endogenous fertility
makes the two growth engines independent upon each other, clarifying the mechanism for the
impacts of monetary policy through different channels; this is the main contribution of this study.

Given the growth-theoretic framework in this study, money is introduced by distinct cash-in-
advance (CIA) constraints. In addition to the well-established CIA constraints on consumption as
in Lucas (1980) and Dotsey and Sarte (2000), we consider CIA constraints on R&D and manufac-
turing, which is supported by empirical findings on firms’ liquidity constraints. First, an earlier
empirical study by Bates et al. (2009) shows that the average cash-to-assets ratio for US indus-
trial firms has increased dramatically and more than doubled from 1980 to 2006, indicating that
firms’ behavior is severely constrained by liquidity. Liu et al. (2008) provide evidence that firms’
manufacturing activities are constrained by cash in advance. Moreover, recent studies reveal that
R&D investments suffer from liquidity constraints.2 For example, Hall and Lerner (2010) show
that over 50% of R&D spending is wage payment to highly educated scientists and engineers,
and high adjustment costs lead R&D firms to hold cash in order to smooth their R&D spending
over time.3 Furthermore, Brown et al. (2012) and Brown and Petersen (2015) suggest that firms

1Li et al. (2008) provide evidences for the quantity-quality tradeoff in having children.
2See Chu et al. (2015) for the literature review on the presence of a CIA constraint on R&D.
3The innovation efforts of high technology workers are firms’ knowledge base that generates profits. Firing R&D

workers could result in large hiring and training costs as well as a dramatic decrease in firms’ profits. See Hall and
Lerner (2010) for more details.
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tend to use cash reserves to build and manage a buffer stock of liquidity to smooth their R&D
expenditures.

In this monetary Schumpeterian growth model with endogenous fertility and human capital,
we analytically examine the polar cases that are subject to only one type of CIA constraint. We
show that the growth effects of monetary policy can be diverse, which stands in stark contrast
to existing studies by generalizing their results. First, in the presence of a CIA constraint on
consumption, a higher nominal interest rate retards long-run economic growth by increasing the
fertility rate and thereby decreasing human capital accumulation, given that the growth rate of
technology is unaffected by the nominal interest rate.

Second, in the presence of a CIA constraint on R&D, a higher nominal interest rate shifts the
human-capital-embodied labor the CIA-constrained sector to the non-constrained one, hence the
growth rate of technology is decreasing in the nominal interest rate. At the same time, human
capital accumulation exhibits a U-shaped relationship with the nominal interest rate. The reason
stems from the inverted U-shaped relationship between the nominal interest rate and the fertility
rate:4 raising the nominal interest rate generates a positive effect and three negative effects on the
opportunity cost of fertility. The interplay among all these effects leads the cost of having children
to initially decrease in the nominal interest rate until it reaches a threshold value i∗. Beyond this
value i∗, the fertility rate will first increase and then decrease in i. Due to the quantity-quality
tradeoff of having children, human capital accumulation becomes a U-shaped function of the
nominal interest rate. Therefore, with a CIA constraint on R&D, the overall effect of the nominal
interest rate on economic growth can be either U-shaped or negative, depending on whether a
threshold value exists to make the positive effect of i on gh dominate its negative effect on gZ.

Finally, in the presence of a CIA constraint on manufacturing, technological progress is in-
creasing in the nominal interest rate, whereas human capital accumulation is decreasing in it. In
this case, the overall effect on the long-run economic growth depends on these two counteracting
engines. If the step size is sufficiently large, the overall impact of the nominal interest rate on
economic growth would be positive; otherwise, there exists a threshold value of i+ above (below)
which human capital accumulation dominates (is dominated by) R&D-based innovation, leading
to a negative (positive) growth effect. Through the above cases, our theoretical analysis outlines
the roles of various CIA constraints in the interaction between human capital accumulation and
R&D-based innovation in a monetary Schumpeterian growth framework.

By applying the US aggregate data, our quantitative analysis finds a negative relationship
between inflation and growth in the benchmark case, which is in line with the results in existing
empirical findings (see Vaona 2012; Barro 2013; Chu et al. 2014). In addition, we quantify the
impacts of inflation on human capital accumulation, innovation and long-run economic growth
under different CIA constraints. As for social welfare, it also monotonically decreases in inflation,
indicating that the Friedman rule (i.e., the zero nominal interest rate) is optimal in the benchmark

4On the one hand, some empirical studies provide evidence for the positive correlation between fertility and
monetary policy. For example, He (2018a) finds a significant, positive effect of inflation on fertility rate in instrumental
variables (IV) estimation with a panel data for 12 advanced countries during 2000-2014. Moreover, by using a structural
VAR model and a Toda–Yamamoto causality test on the annual US data between 1975-2020, Affuso et al. (2022) shows
that an interest rate shock significantly increases the fertility rate. On the other hand, some studies, such as Juselius
and Takáts (2015) and Juselius and Takáts (2016), find that population aging is inflationary, which indicates a negative
correlation between fertility and inflation.
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case. These quantitative results continue to hold in our robustness checks.

2 Literature review

This study is closely related to existing studies that analyze the relationship between infla-
tion and economic growth in endogenous R&D-based growth models. The pioneering study by
Marquis and Reffett (1994) examines the growth effects of inflation by introducing a transaction
service sector and a CIA constraint on consumption to the Romer model. A large number of
subsequent studies (see, for example, Chu and Lai 2013; Chu and Cozzi 2014; Huang et al. 2017;
Zheng et al. 2021; Hu et al. 2021) analyze monetary policy in a Schumpeterian model. Never-
theless, the majority of these studies focus on the framework in which the engine of growth
is only endogenous technological progress.5 Our study is mostly related to Chu et al. (2019b),
who introduce endogenous human capital into a monetary Schumpeterian growth model and
find that the additional long-run growth effect under endogenous human capital accumulation
amplifies the welfare effect of monetary policy. One implication of Chu et al. (2019b) suggests
that long-run growth is solely determined by human capital accumulation, since the long-run
growth rate of technology depends on the growth rate of human capital in their model, which
further indicates that endogenous human capital accumulation would strengthen the effects of
the nominal interest rate on economic growth. In contrast to their study, in our model, the growth
rate of technology and the growth rate of human capital are independently determined, and en-
dogenous human capital accumulation may either strengthen the growth effect of the nominal
interest rate or weaken its growth effect, leading to diverse inflation-growth relationships. There-
fore, our study complements their interesting study and contributes to this literature by allowing
for endogenous fertility and human capital accumulation and developing a monetary model with
two independent growth engines. Moreover, in addition to CIA constraints on consumption and
R&D, our study also considers the CIA constraint on manufacturing.

Furthermore, existing literature attempts to explore various channels through which mon-
etary policy influences growth and welfare.6 In particular, our study is highly related to He
(2018a), who reveals a novel channel of fertility choice through which monetary policy impacts
economic growth in a quality-ladder model. He finds a positive effect of the nominal interest rate
on fertility, which in turn reduces labor supply to production and R&D and thereby decreases
the long-run economic growth. Different from his study, in our model, endogenous fertility is not
only a crucial channel for monetary policy to impact innovation but also a determinant of human
capital accumulation. Moreover, we consider the roles of CIA constraints on other activities (i.e.,
R&D and manufacturing) in addition to the counterpart of a CIA constraint on consumption. To
the best of our knowledge, this is the first study that analyzes the growth and welfare effects of
monetary policy in a dynamic general equilibrium (DGE) model featuring endogenous fertility
and human capital accumulation.

5See exceptions such as Chu et al. (2019a), Chu et al. (2019b), and Gil and Iglésias (2020).
6Mao et al. (2019) model a banking sector to examine the effects of additional monetary policy instruments, such as

the required reserve ratio and the leverage ratio. Lin et al. (2020) introduce credit constraint to analyze the relationship
between inflation, economic growth and financial development. He et al. (2023) show that inflation can promote long-
run economic growth when the spirit of capitalism is strong.
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This study also relates to the literature on the interaction between innovation and human
capital. Previous studies have investigated many issues related to this topic. For example, some
earlier studies (such as Blackburn et al. 2000; Zeng 2003) attempt to remove the scale effect by
endogenizing human capital. Strulik (2005) focus on the relationship between population growth
and economic growth. Galor (2005) and Strulik and Weisdorf (2008) endogenize people’s fertility
in a unified growth framework to explain demographic transition and economic development
from stagnation to growth through the interplay among population, human capital and techno-
logical progress. Our study differs from their interesting studies by focusing on how monetary
policy impacts the interaction between endogenous technical progress and human capital accu-
mulation.

The rest of this study is organized as follows. Section 3 describes the model setup. Section 4

defines the equilibrium and solves the model. In Sections 5 and 6, we examine the implications
of monetary policy on economic growth and social welfare, analytically and numerically. Section
7 concludes this study.

3 A monetary Schumpeterian growth model with endogenous fertility
and human capital accumulation

In this section, we follow Chu et al. (2013) to extend the Schumpeterian quality-ladder model
of Grossman and Helpman (1991) by allowing for endogenous fertility and human capital, gen-
erating two independent growth engines: endogenous technological progress and human capital
accumulation. Moreover, we introduce CIA constraints on consumption, R&D, and manufactur-
ing, respectively, as in Chu and Cozzi (2014) and Zheng et al. (2021). Throughout the analysis, the
nominal interest rate serves as the monetary policy instrument and we explore the implications
of monetary policy on growth and welfare by altering the nominal interest rate.

3.1 Households

Suppose that a closed economy admits a unit continuum of identical households whose life-
time utility is given by7

U =
∫ ∞

0
e−ρt (ln ct + α ln nt) dt, (1)

where ρ > 0 is the discount rate and α > 0 determines households’ preference for fertility
relative to consumption. ct is the per capita consumption of the final good (numeraire) and nt is
the number of births per person at time t. Following Chu et al. (2013), we assume zero mortality,
so nt also denotes the population growth rate. Assuming that Nt is the size of the population,
the total number of births is Ṅt = ntNt.

Each household maximizes (1) subject to the asset-accumulation equation and a CIA con-

7Following Chang et al. (2013), in addition to consumption, the fertility rate also enters each individual’s utility
function, since individuals enjoy the happiness in the process of raising children influenced by an emotive aspect.
This setting is in line with the standard treatment of endogenous fertility as in Razin and Ben-Zion (1975) and Yip
and Zhang (1997).
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straint, which are, respectively, given by

ȧt + ṁt = (rt − nt) at + wtlt + itbt − ct − (πt + nt)mt + τt, (2)

and
ηcct + bt ≤ mt, (3)

where at is the value of real assets that each individual owns (in the form of equity shares in
monopolistic intermediate goods firms) and rt is the real interest rate. Each person supplies lt

units of human-capital-embodied labor to earn a real wage rate wt and lends an amount bt of
money to firms to finance R&D and/or manufacturing, with the rate of return it (i.e., the nominal
interest rate). mt and πt are the real money balance held by each person and the inflation rate
that measures the cost of money holding, respectively. An increase in nt reduces the number of
assets per capita and the real money balance per capita, referred to as the asset-diluting effect
of fertility and the money-balance-diluting effect. Equation (3) indicates that the holding of
real money balance mt by each person is used to finance R&D and manufacturing and to support
partial consumption, where ηc ∈ [0, 1] denotes the strength of the CIA constraint on consumption.

Each person owns one unit of time endowment to allocate between non-working and working
activities. Non-working activities include the production of children and education that produces
human capital, whereas working activities include the production of intermediate goods and
R&D. In line with Chu et al. (2013), we assume that the time spent on fertility is given by nt/θ < 1,
where θ > 0 is a parameter that measures the time cost of fertility. Combining with the stock of
human capital per capita ht, each individual spends her remaining time endowment 1 − nt/θ on
education and work such that

ht (1 − nt/θ) = lt + et, (4)

where lt is the level of human capital devoted to work and et is the level of human capital devoted
to education. Notably, as nt increases, less time is available for work and education, reflecting
the forgone-wage effect of fertility. The law of motion for human capital per capita is given by

ḣt = ξet − (nt + δ) ht, (5)

where ξ > ρ denotes the productivity parameter of human capital accumulation and δ ≥ 0 is the
depreciation rate of human capital. Note that ntht captures the human-capital-diluting effect of
children as in Strulik (2005). The standard dynamic optimization (see Appendix A.1) implies the
following optimality conditions. Specifically, the optimality condition for consumption is

ct =
1

µt (1 + ηcit)
, (6)

where µt is the Hamiltonian co-state variable on (2). The familiar Euler equation is

ċt

ct
= − µ̇t

µt
= rt − nt − ρ. (7)
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The optimal condition that determines the consumption-fertility tradeoff is

α

nt
=

1
ct(1 + ηcit)

[
at + mt +

(
1
θ
+

1
ξ

)
wtht

]
, (8)

which indicates that the marginal utility of fertility (given by the LHS of (8)) equals the marginal
cost of fertility (given by the RHS of (8)). As in Chu et al. (2013) and He (2018a), the first
term at/[ct(1 + ηcit)] captures the asset-diluting effect of fertility, which is positively related to
the value of at (i.e., a higher at means a higher asset-dilution effect of newborn). The second
term mt/[ct(1 + ηcit)] captures the money-balance-diluting effect of fertility; similarly, this effect
is positively correlated with the value of mt (i.e., an increase in mt raises the money-balance-
diluting effect of children). The third term θ−1wtht/[ct(1 + ηcit)] captures the foregone-wage
effect of fertility, and the last term ξ−1wtht/[ct(1 + ηcit)] captures the human-capital-diluting
effect of fertility. These two effects are both positively related to the wage rate wt. The presence
of the CIA constraint on consumption ηcit mitigates the above effects of fertility.

Additionally, we derive an equilibrium condition equating the returns on assets and human
capital such that

rt =
ẇt

wt
+ ξ

(
1 − nt

θ

)
− δ. (9)

This condition determines the equilibrium growth rate of human capital. Finally, the no-arbitrage
condition between all assets and money implies the Fisher equation given by it = rt + πt.

3.2 Final goods

By aggregating differentiated intermediate goods, competitive firms produce final goods ac-
cording to the following Cobb-Douglas production function:

Yt = exp
(∫ 1

0
ln Xt(j)dj

)
(10)

where Xt(j) denotes the quantity of intermediate goods j ∈ [0, 1]. Taking the price of each variety
of intermediate goods pt(j) as given, final-good firms’ profit maximization yields the conditional
demand for Xt(j) such that

Xt(j) =
Yt

pt(j)
. (11)

3.3 Intermediate goods

There is a unit continuum of industries producing differentiated intermediate goods. Each
industry is dominated by an industry leader who owns a patent of the latest invention. That
is, an industry leader occupies the industry until the new invention arrives, and the owner of
the new invention will replace the previous leader and become the new industry leader. The
production function for the leader of industry j is given by

Xt(j) = γqt(j)Lx,t(j), (12)
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where the parameter γ > 1 represents the step size of a quality improvement, and qt(j) represents
the number of quality improvements that have taken place in industry j as of time t. Lx,t(j) is
the human-capital-embodied labor for production in industry j. To impose a CIA constraint
on manufacturing, we follow Chu and Cozzi (2014) and Arawatari et al. (2018) to assume that
the leader in industry j borrows an amount of ηmwtLx,t(j) cash from households at the nominal
interest rate i to finance the wage payment for production workers, where ηm ∈ [0, 1] denotes
the strength of the CIA constraint on manufacturing. We here adopt a cost-reducing view of
vertical innovation as in Peretto (1998): given γqt(j), the marginal cost of production for the
leader in industry j is mct(j) = (1 + ηmit)wt/γqt(j). Bertrand competition implies that the profit-
maximizing price pt(j) is given by pt(j) = γmct(j).8 Therefore, the monopolistic profits in
industry j is

Πt(j) =
(

γ − 1
γ

)
pt(j)Xt(j) =

(
γ − 1

γ

)
Yt, (13)

where the second equality applies (11). In addition, we can derive the wage payment in industry
j such that

(1 + ηmit)wtLx,t(j) =
1
γ

pt(j)Xt(j) =
1
γ

Yt, (14)

where the second equality applies (11) again.

3.4 R&D

Equation (13) implies that Πt(j) = Πt for all intermediate goods j ∈ [0, 1]. Denote by vt(j)
the market value of the monopolistic firm in industry j. Following the standard approach in the
literature (see, for example, Cozzi et al. 2007), we focus on the symmetric equilibrium such that
vt(j) = vt. Then the no-arbitrage condition for vt is given by

rtvt = Πt + v̇t − λtvt, (15)

where λt is the arrival rate of the next successful innovation. This equation implies that the asset
return rtvt equals the sum of monopolistic profits Πt, the capital gain v̇t, and the potential loss
λtvt due to creative destruction.

Innovations on quality improvement in each industry are proceeded by a unit continuum
of R&D firms indexed by k ∈ [0, 1]. Each firm hires human-capital-embodied labor Lr,t(k) for
innovation. Similar to the setup in the intermediate-good sector, financing wage payments to
R&D workers also requires money borrowed from households. Therefore, free entry into the
R&D sector implies the following zero-expected-profit condition of R&D firm k:

λt(k)vt = (1 + ηrit)wtLr,t(k), (16)

where ηr ∈ [0, 1] captures the strength of the CIA constraint on R&D. Furthermore, we follow
Laincz and Peretto (2006) and Chu and Cozzi (2014) to formulate the firm-level arrival rate of

8As in Grossman and Helpman (1991), the patent holder is assumed to have complete protection from imitation
such that the markup over the marginal cost is equal to the step size of innovation.
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innovation λt(k) such that

λt(k) = φ
Lr,t(k)
htNt

, (17)

where the presence of htNt captures the dilution effect to remove the scale effect. In equilibrium,
the aggregate arrival rate of innovation is

λt =
∫ 1

0
λt(k)dk = φ

Lr,t

htNt
= φsr,t, (18)

where Lr,t =
∫ 1

0 Lr,t(k), k ∈ [0, 1]. We define a transformed variable sr,t ≡ Lr,t/(htNt) as the share
of human capital devoted to R&D. Similarly, the share of human capital devoted to production
is sx,t ≡ Lx,t/(htNt).

3.5 Monetary authority

In this study, the nominal interest rate it serves as the monetary policy instrument, which is
exogenously set by monetary authority. Given it, other monetary variables such as the inflation
rate πt and the growth rate of nominal money supply denoted by ψt = Ṁt/Mt will be determined
endogenously. First, the inflation rate πt is endogenously determined according to the Fisher
equation such that πt = it − rt, where the real interest rate rt is derived from the Euler equation
in (7). Moreover, the growth rate of nominal money supply is given by ψt = πt + ṁt/mt + nt.9

Under the condition that mt and ct grow at the same rate along the balanced growth path, the
growth rate of nominal money supply will be endogenously determined by ψt = it − ρ.10

When the nominal interest rate it increases, monetary authority receives seigniorage revenues
through inflation tax. To balance the budget, seigniorage revenues are returned to households
by means of a lump-sum transfer in the sense that τt = Ṁt/ (NtPt) = ṁt + (πt + nt)mt.

4 Solving the model

This section proceeds to solve the model. Section 4.1 defines the decentralized equilibrium.
Section 4.2 characterizes the balanced growth path (BGP) of the model and demonstrates the
balanced-growth equilibrium properties.

4.1 Decentralized equilibrium

The equilibrium consists of a time path of prices {wt, it, rt, pt(j), vt}∞
t=0 and a time path of al-

locations {ct, at, mt, nt, ht, lt, Nt, Yt, Xt(j), Lx,t(j), Lr,t(k)}∞
t=0, which satisfy the following conditions

at each instance of time:

• the representative household maximizes the utility taking prices {rt, wt, it} as given;

9Recall that the real money balance per capita is given by mt = Mt/ (NtPt), where Pt denotes the nominal price of
final goods. Therefore, the growth rate of nominal money supply is ψt = πt + ṁt/mt + nt, where πt = Ṗt/Pt denotes
the inflation rate of the price of final goods.

10Along the BGP, the fact that ṁt/mt = gc = rt − nt − ρ implies ψt = πt + rt − ρ. Combining it with the Fisher
equation yields ψt = it − ρ.
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• competitive final-good firms produce {Yt} to maximize their profits taking {pt(j)} as given;

• monopolistic intermediate-good firm j produces Xt(j) and chooses {Lx,t(j), pt(j)} to maxi-
mize its profits taking {wt} as given;

• competitive R&D entrepreneurs choose Lr,t(k) to maximize their expected profits taking
{wt, vt, it} as given;

• the labor market clears such that ltNt = Lx,t + Lr,t;

• the final-good market clears such that Yt = ctNt;

• the value of monopolistic firms equals the value of households’ assets such that vt = atNt;

• the amount of money borrowed by entrepreneurs is ηrwtLr,t + ηmwtLx,t = btNt.

Then substituting (12) into (10) yields the aggregate final-good production function such that

Yt = ZtLx,t, (19)

where Lx,t =
∫ 1

0 Lx,t(j)dj is the aggregate manufacturing labor. The aggregate technology Zt is
defined as

Zt = exp
(∫ 1

0
qt(j)dj ln γ

)
= exp

(∫ t

0
λsds ln γ

)
, (20)

where the second equality uses the law of large numbers. Consequently, the growth rate of
aggregate technology Zt is

gZ ≡ Żt

Zt
= λt ln γ, (21)

where λt is given by (18).

4.2 Balanced growth path

In this subsection, we first prove that the economy jumps to a unique and stable balanced
growth path (BGP). Then we derive the steady-state equilibrium growth rates of technology and
human capital, which together determine the growth rate of consumption per capita.

Proposition 1. With a constant nominal interest rate i, the economy immediately jumps to a unique and
stable BGP along which each variable grows at a constant (possibly zero) growth rate.

Proof. See Appendix A.2.

From Proposition 1, the equilibrium labor allocations are stationary along the BGP (i.e., sr,t

and sx,t are constant on the BGP). Therefore, the arrival rate of innovation is also stationary on
the BGP and the steady-state growth rate of technology is given by

gZ = φsr ln γ. (22)

10



From (19), we obtain the steady-state growth rate of consumption per capita (i.e., the economic
growth rate) such that

gc = gY − n = gZ + gh, (23)

which implies that the long-run economic growth gc is determined by two engines of growth,
namely technical progress gZ and human capital accumulation gh. Combining (14) and (19)
yields wt = Zt/γ, which implies

Żt

Zt
=

ẇt

wt
=

ċt

ct
+ nt + ρ + δ − ξ

(
1 − nt

θ

)
, (24)

where the second equality uses (7) and (9). Then substituting (24) into (23), we obtain the steady-
state growth rate of human capital per capita such that

gh = ξ
(

1 − n
θ

)
− n − ρ − δ, (25)

which implies the negative effects of fertility on the growth rate of human capital per capita.
The first term −ξn/θ represents the crowding-out effect of fertility on time endowment, and the
second term −n represents the diluting effect of fertility on human capital per capita. Next, we
derive the balanced growth rate of consumption per capita such that

gc = gZ + gh = (φ ln γ)sr −
(

1 +
ξ

θ

)
n + ξ − ρ − δ, (26)

which indicates that economic growth is increasing in sr and decreasing in n. As Strulik (2005)
shows, population growth and economic growth could exhibit a negative relationship once hu-
man capital accumulation is incorporated into the R&D-based growth model. Furthermore, in-
troducing endogenous fertility to our model generates an additional negative effect on human
capital accumulation through its crowding-out effect, thereby leading to an additional negative
growth effect.

From (5), the steady-state growth rate of human capital gh is

gh ≡ ḣt

ht
= ξ

et

ht
− n − δ. (27)

Equating (25) and (27) yields
et

ht
= 1 − n

θ
− ρ

ξ
. (28)

Using the labor-market clearing condition, it is straightforward to obtain the first equation for
solving the model:

sr + sx =
lt

ht
=

ρ

ξ
, (29)

where the second equality applies (28) and the time-endowment constraint in (4). Moreover,
Proposition 1 implies v̇t/vt = Π̇t/Πt = Ẏt/Yt = ċt/ct + n along the BGP. Therefore, equation
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(15) implies that the firm value on the BGP is

vt =
Πt

ρ + λ
. (30)

Using (13), (14), (16) and (30), we obtain the second equation for solving the model:

λtvt

(1 + ηri)Lr,t
= wt =

Yt

γ(1 + ηmi)Lx,t
⇔ sr

sx
=

(1 + ηmi)(γ − 1)λ
(1 + ηri)(ρ + λ)

, (31)

with the arrival rate of innovation λ = φsr.
Now, we are ready to solve the steady-state equilibrium {sx, sr}. Combining (29) and (31)

yields the equilibrium labor allocation such that

sx = ρ

(
1
ξ
+

1
φ

)
1 + ηri

(1 + ηmi)(γ − 1) + (1 + ηri)
, (32)

sr =
ρ

ξ
− ρ

(
1
ξ
+

1
φ

)
1 + ηri

(1 + ηmi)(γ − 1) + (1 + ηri)
. (33)

Finally, we derive the equilibrium fertility rate n by applying at = vt/Nt, wt = Yt/γ(1+ ηmit)Lx,t,
ηrwtLr,t + ηmwtLx,t = btNt and λt = φsr,t to reexpress (8) as

α

n
=

1
(1 + ηci)

[
γ − 1

γ

1
φsr + ρ

+ ηc +
γ − 1

γ

φsrηr

(1 + ηri)(φsr + ρ)

+
ηm

γ(1 + ηmi)
+

(
1
θ
+

1
ξ

)
1

γ(1 + ηmi)sx

]
.

(34)

This equilibrium fertility rate n is used to determine the long-run growth rates in (25) and (26).

5 Growth implications of monetary policy

In this section, we analyze the growth effects of monetary policy (in terms of the nominal
interest rate) in different scenarios. To better understand the mechanism, we impose the CIA
constraint in each distinct sector. Specifically, Section 5.1 examines the case where only con-
sumption is subject to a CIA constraint, Section 5.2 examines the case where only R&D is subject
to a CIA constraint, and finally Section 5.3 examines the case where only manufacturing is subject
to a CIA constraint.

5.1 CIA constraint on consumption

In this subsection, we first analyze the case in which the CIA constraint is only imposed on
consumption, and the result is summarized by the following proposition.

Proposition 2. In the presence of a CIA constraint on consumption only (i.e., ηc > 0, ηr = ηm = 0),
a higher nominal interest rate i does not affect the growth rate of technology gZ, whereas it decreases the
growth rate of human capital gh. Therefore, the overall effect of i on the economic growth rate gc is negative.
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Proof. Proven in the text.

When the CIA constraint is imposed on consumption, the price of consumption increases
from 1 to (1 + i), resulting in a decrease in consumption. The consumption-fertility tradeoff
implies that a reduction in consumption would induce an increase in fertility, which in turn
reduces the growth rate of human capital.11 In addition, equations (32) and (33) show that the
effect of the nominal interest rate i on human capital allocation does not operate through the
channel of the cash constraint on consumption, implying that the growth rate of technology
is unaffected when the CIA constraint is applied to consumption only. Therefore, the overall
growth effect of the nominal interest rate is negative, which is consistent with He (2018a), though
his model considers a different mechanism.12

To highlight the importance of endogenous fertility regarding the growth effects of monetary
policy in the study, we also consider the case with exogenous fertility. In this case, the steady-state
growth rate of human capital is determined by exogenous fertility such that gh = ξ(1 − n̄/θ)−
n̄ − ρ − δ, where n̄ is an exogenous parameter. Then the balanced growth rate of consumption
per capita in (26) becomes gc = (φ ln γ)sr − (1 + ξ/θ)n̄ + ξ − ρ − δ. That is, human capital
accumulation is invariant of monetary policy and R&D-based innovation becomes the unique
channel through which monetary policy affects economic growth. Therefore, the nominal interest
rate has no effect on economic growth since its negative effect on the growth rate of human capital
gh is absent. This result of the exogenous-fertility case is in line with Chu and Cozzi (2014), who
show that in the presence of a CIA constraint only on consumption, the nominal interest rate
does not affect economic growth when labor supply is inelastic.

5.2 CIA constraint on R&D

Next, we consider the case in which the CIA constraint is only imposed on R&D activities
and summarize the result as follows.

Proposition 3. In the presence of a CIA constraint on R&D only (i.e., ηr > 0, ηc = ηm = 0), a higher
nominal interest rate i reduces the growth rate of technology gZ. Furthermore, the nominal interest rate i
has a U-shaped effect on the growth rate of human capital gh. Therefore, the overall effect of i on economic
growth gc can be U-shaped (negative) if there exists (does not exist) a threshold value i∗ such that that the
positive effect of i on gh dominates the negative effect on gZ when i > i∗ .

Proof. Proven in the text.

11Li et al. (2008) provide evidence for the negative effects of fertility on human capital accumulation.
12In He (2018a)’s model, the CIA constraint on consumption also raises the fertility rate, but the increased fertility

rate tends to reduce labor supply and thereby R&D labor, which would in turn decrease the growth rates of technology
and economic growth. By contrast, in our model, labor supply and the growth rate of technology are independent of
monetary policy when endogenous fertility and human capital are considered simultaneously. The nominal interest
rate i negatively affects economic growth through its negative effect on human capital accumulation.
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With a CIA constraint on R&D only (i.e., ηr > 0, ηc = ηm = 0 ), equations (32) and (33) become

sx = ρ

(
1
ξ
+

1
φ

)(
1 + ηri
γ + ηri

)
, (35)

sr =
ρ

ξ
− ρ

(
1
ξ
+

1
φ

)(
1 + ηri
γ + ηri

)
, (36)

which imply that the production labor share sx is increasing in the nominal interest rate i,
whereas the R&D labor share sr is decreasing in it.13 Intuitively, when the CIA constraint is
applied only to R&D, an increase in i raises the R&D cost, which reallocates labor from R&D to
production. Then the nominal interest rate i has a negative effect on the growth rate of technol-
ogy gZ = φsr ln z due to its negative effect on sr. The negative effect of i on gZ is consistent with
previous studies such as Chu and Cozzi (2014) and Huang et al. (2021).

Moreover, to explore the impact of i on the growth rate of human capital gh, we first examine
its effect on the fertility rate n. Equation (34), the key function determining the equilibrium
fertility rate, implies that households choose the fertility rate based on the tradeoff between the
marginal utility of fertility and its marginal cost including (a) the dilution of financial assets
per capita, (b) the dilution of real-money balance per capita, (c) foregone wages, and (d) the
dilution of human capital per capita. Intuitively, a CIA constraint on R&D raises the R&D cost,
requiring a higher revenue to R&D to satisfy the free-entry condition to research (equation (16)),
thereby increases the asset per capita. Hence, raising i reduces the fertility rate n by enhancing
the financial assets-diluting effect of fertility, captured by (γ − 1)/[γ(φsr + ρ)]. Moreover, a
higher R&D cost decreases the financing demand of R&D sector and thereby the real money
balance held by households. As a result, a higher i raises the fertility rate n by weakening the
real-money-diluting effect, captured by φsrηr(γ − 1)/[γ(1 + ηri)(φsr + ρ)]. In addition, a higher
R&D cost reduces the demand for R&D labor and thereby the wage rate wt, which leads to
a decline in the foregone-wage effect, captured by (θγsx)−1, and also a decline in the human-
capital-diluting effect, captured by (ξγsx)−1; therefore, a higher nominal interest rate i in turn
results in an increase in the fertility rate n. To summarize, a higher nominal interest rate i leads
to one negative effect and three positive effects on fertility.

To further examine the overall effect of i on n, we substitute (35) and (36) into (34) and
differentiate it with respect to i, which yields

∂(α/n)
∂i

=
ηr

γρ(1 + φ/ξ)

[
1 − φρ(γ − 1)ηr

ξ(1 + ηri)2 − φ(1/θ + 1/ξ)(γ − 1)
(1 + ηri)2

]
. (37)

Therefore, we have

∂(α/n)
∂i

= 0 ⇔ i = i∗ ≡
√

φ(γ − 1)(ρηr/ξ + 1/θ + 1/ξ)− 1
ηr

> 0. (38)

where the last inequality uses the condition sr > 0. Moreover, it can be shown that ∂2(α/n)/∂i2 >

13Notice that as γ approaches one, the equilibrium labor allocations (35)-(36) become independent of i. This is
because as the markup ratio equals unity, the monopolistic profits disappear, implying that entrepreneurs would have
no incentives to do R&D. As a result, the effect of monetary policy becomes absent when only R&D is cash-constrained.
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0, which indicates that the nominal interest rate i has an inverted U-shaped effect on the fertility
rate n. Due to the negative relationship between fertility and human capital accumulation, the
growth rate of human capital gh is decreasing in i for i < i∗ and increasing in i for i > i∗.

In summary, for i < i∗, the effect of i on gh is strictly negative, which reinforces the negative
effect of i on gZ and thereby leads to an overall negative impact of i on the economic growth
rate gc. In contrast, for i > i∗, the effect of i on gh becomes positive. If this positive-growth
effect is always dominated by its impact on gz, the overall growth effect would be monotonically
negative. Alternatively, there exists a threshold value for i above which the positive effect of i on
gh dominates its negative effect on gz, yielding an overall U-shaped impact of i on gc.

The above result stands in stark contrast to Chu et al. (2019b), in which an increase in the
nominal interest rate i reduces the growth rate of human capital gh and the growth rate of tech-
nology gz, thereby leading to an overall negative impact on economic growth gc. This is because
in their model, the growth rate technology gz is determined by the growth rate of human capital
gh, given the increasing-complexity effect of technology on R&D productivity. Thus, endogenous
human capital accumulation only generates an additional negative growth effect, strengthening
the negative effect of i on gc. However, in our model that endogenizes both fertility and human
capital accumulation, these two growth engines (i.e., innovation from R&D and human capital
accumulation from fertility) become independently determined. We have seen that our model
can not only capture a negative effect of i on gh, but also a positive effect of i on gh when i
is sufficiently large. Accordingly, endogenous human capital accumulation may strengthen the
negative effect of i on gc as in Chu et al. (2019b), but it may also offset the negative effect of i on
gz, generating more diverse results than Chu et al. (2019b). In our model, endogenous fertility is
the determinant of the human-capital-accumulation growth engine. Similar to the previous sub-
section, the human-capital-accumulation growth engine will shut down in the case of exogenous
fertility, and consequently innovation becomes the sole growth engine. In other words, with ex-
ogenous fertility and the CIA constraint on R&D, the nominal interest rate and economic growth
are negatively correlated, which is consistent with the finding in Chu and Cozzi (2014).

5.3 CIA constraint on manufacturing

In this subsection, we proceed to investigate the case in which the CIA constraint is only
imposed on manufacturing. Accordingly, we obtain the following result.

Proposition 4. In the presence of a CIA constraint on manufacturing only (i.e., ηm > 0, ηc = ηr = 0),
a higher nominal interest rate i increases the growth rate of technology gZ and decreases the growth
rate of human capital gh. Moreover, if the step size γ is sufficiently large, the overall effect of i on the
economic growth rate gc is positive. Otherwise, there exists a threshold value of i+ above (below) which
human capital accumulation dominates (is dominated by) R&D-based innovation, resulting in a negative
(positive) effect of i on gc.

Proof. Proven in the text.

Similar to the previous analysis, with the CIA constraint on manufacturing only, equations
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(32) and (33) are rewritten as

sx = ρ

(
1
ξ
+

1
φ

)
1

(1 + ηmi)(γ − 1) + 1
, (39)

sr =
ρ

ξ
− ρ

(
1
ξ
+

1
φ

)
1

(1 + ηmi)(γ − 1) + 1
. (40)

Equations (39) and (40) imply that when manufacturing is subject to CIA constraint, a higher
nominal interest rate i reduces the labor share of production sx but increases the labor share
of R&D sr, leading to an increase in the growth rate of technology gZ. This result also aligns
with the counterpart in existing studies (such as Chu and Cozzi 2014). The intuition behind this
result is as follows. Due to the CIA constraint on manufacturing, a higher nominal interest rate
raises the production cost, reallocating labor from production to R&D. Therefore, entrepreneurs’
incentives for investing in R&D become higher, which raises the innovation rate accordingly.

Next, we investigate how the nominal interest rate impacts fertility. Substituting (39) and (40)
into (34) yields

α

n
=

1
γ(1 + ηmi)

[ 1
φ + 1

θ +
1
ξ

ρ( 1
ξ +

1
φ )

+ ηm

]
+

γ − 1
γ

1
φ + 1

θ +
1
ξ

ρ( 1
ξ +

1
φ )

,

=
1

γ(1 + ηmi)
Γ +

γ − 1
γ

(Γ − ηm),

(41)

where Γ ≡ (1/φ + 1/θ + 1/ξ)/[ρ(1/ξ + 1/φ)] + ηm > 0. Equation (41) implies ∂(α/n)/∂i < 0.
That is, when the CIA constraint is applied to manufacturing, an increase in the nominal interest
rate i lowers the marginal cost of fertility (i.e., the RHS of (41)) by weakening the asset-diluting
effect, the real-money-diluting effect, the foregone-wage effect and the human-capital-diluting
effect of fertility together. The intuition is as follows. First, imposing a CIA constraint on manu-
facturing raises the cost of manufacturing and then reduces the monopolistic profits, decreasing
the asset per capita at and in turn weakening the asset-diluting effect of fertility. Second, with an
increase in the manufacturing cost, the financing demand for production decreases, leading to a
decline in the real money balance held by households, which in turn weakens the real-money-
diluting effect. Moreover, a higher manufacturing cost reduces the wage rate wt by decreasing the
demand for manufacturing labor, resulting in a lower foregone-wage effect and human-capital-
diluting effect of fertility. Therefore, a higher nominal interest rate raises the fertility rate and
then retards the growth rate of human capital gh.

Recall that long-run economic growth is determined by the interaction of two engines (i.e.,
human capital accumulation and R&D-based innovation). To assess the overall growth effect, we
first substitute (40) to (22) and differentiate it with respect to i to obtain

∂gZ

∂i
= ρφ ln γ

(
1
ξ
+

1
φ

)
(γ − 1)ηm

[(1 + ηmi)(γ − 1) + 1]2
. (42)

Then differentiating (25) with respect to i yields

∂gh

∂i
= −

(
1 +

ξ

θ

)
∂n
∂i

= −
(

1 +
ξ

θ

)
αηmγΓ

[Γ + (γ − 1)(1 + ηmi)(Γ − ηm)]2
, (43)
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where the second equality uses ∂n/∂i = −(n2/α)[∂(α/n)/∂i]. If the negative effect of human
capital accumulation dominates the positive effect of technological progress, we have∣∣∣∣∂gh

∂i

∣∣∣∣ > ∂gZ

∂i
⇔

[
Γ + (γ − 1)(1 + ηmi)(Γ − ηm)

(1 + ηmi)(γ − 1) + 1

]2

< Θ, (44)

where Θ ≡ [αγΓ(1+ ξ/θ)]/[ρφ(ln γ)(γ− 1)(1/ξ + 1/φ)] > 0. From equation (44), if γ/[ln γ(γ−
1)] ≤ Φ, where Φ ≡ [φ(1/φ + 1/θ + 1/ξ)2]/[αρΓ(1/ξ + 1/φ)(1 + ξ/θ)], we have∣∣∣∣∂gh

∂i

∣∣∣∣ > ∂gZ

∂i
⇔ i < i+ ≡ 1

ηm

[
Γ −

√
Θ

(
√

Θ − Γ + ηm)(γ − 1)
− 1

]
< 0, (45)

which implies that the overall impact of i on economic growth would be positive. That is, when
the step size γ is sufficiently large, the positive effect of technological progress is so strong that
it completely dominates the negative effect of human capital accumulation, leading to an overall
positive effect of i on the economic growth rate gc.

Conversely, if γ/[ln γ(γ − 1)] > Φ, we have∣∣∣∣∂gh

∂i

∣∣∣∣ > ∂gZ

∂i
⇔ i > i+ ≡ 1

ηm

[
Γ −

√
Θ

(
√

Θ − Γ + ηm)(γ − 1)
− 1

]
. (46)

In this case, the positive effect of technological progress dominates the negative effect of human
capital accumulation if the following condition is satisfied:∣∣∣∣∂gh

∂i

∣∣∣∣ < ∂gZ

∂i
⇔ i < i+. (47)

In other words, the overall growth effect of i is negative for i > i+, whereas it is positive for
i < i+.

In summary, endogenizing both human capital accumulation and fertility allows for diverse
growth effects of monetary policy when a CIA constraint is only on manufacturing, which com-
plements the results in Chu et al. (2019b). These diverse effects will not arise in the case of
exogenous fertility, since a higher nominal interest rate can only generate a positive growth effect
by affecting the growth rate of technology gz.

Before closing this section, we summarize the comparative statics effects in Table 1 for ease of
comparison among the above cases. On the one hand, a higher nominal interest rate can generate
a positive, negative or no impact on the growth rate of technology, depending on the presence
of the cash constraint. On the other hand, the effect of the nominal interest rate on the growth
rate of human capital can be negative or U-shaped under different CIA constraints. Due to the
complicated interaction of technological progress and human capital accumulation, the long-run
relationship between economic growth and monetary policy is analytically ambiguous in our
DGE model. In the next section, we will further explore the growth effects of monetary policy
using a quantitative analysis.
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Table 1: Comparative statics results

Different CIA constraints sx sr n gh gZ gc
CIA constraint on consumption - - ↑ ↓ - ↓
CIA constraint on R&D ↑ ↓ ∩ ∪ ↓ ↓ ∪
CIA constraint on manufacturing ↓ ↑ ↑ ↓ ↑ ↓↑

6 Numerical analysis

In this section, we provide a quantitative analysis to explore how monetary policy affects
economic growth in our theoretical framework. In Subsection 6.1, we calibrate our model to the
US economy and examine the effects of inflation (and the nominal interest rate) on the fertility
rate, human capital accumulation, technological progress, and economic growth, respectively, in
the presence of CIA constraints on all sectors. Next, in Subsection 6.2, we consider three special
cases in which the CIA constraint is only imposed on one sector. Then we perform robustness
checks on our quantitative results in Subsection 6.3. Finally, we conduct a welfare analysis in
Subsection 6.4.

6.1 Calibration and benchmark results

To perform this numerical analysis, the strategy is to assign steady-state values to the follow-
ing set of parameters {ρ, α, θ, δ, ξ, γ, φ, ηc, ηr, ηm, i}. We first pin down the values of six parameters
that are commonly used in the literature. We set the discount rate ρ and the step size γ to con-
ventional values of 0.02 and 1.034, respectively. In addition, the fertility-preference parameter α is
also set to a conventional value of 1. Following Chu et al. (2013), the depreciation rate of human
capital is set at 0.055. Following Zheng et al. (2021), we set the degree of the CIA constraint on
consumption ηc to 0.17 to match the ratio of M1-consumption in the US. We also follow Huang
et al. (2021) to set the degree of the CIA constraint on manufacturing ηm to 0.01, for the fact
that the investment (production)-cash flow sensitivity has declined dramatically and is probably
almost zero for the US and most OECD countries.

Then we calibrate the parameters {θ, ξ, φ, ηr} jointly to match the following four empirical
moments: (1) R&D intensity; (2) the arrival rate of innovation; (3) the population growth rate;
and (4) the equilibrium economic growth. For (1), we follow Chu et al. (2013) to consider an
equilibrium R&D share of GDP at 0.03. For (2), as in Acemoglu and Akcigit (2012), the arrival
rate of innovation is set at 1/3, which indicates a three-year average interval between consecutive
innovations. Given the parameter value of γ, the arrival rate of innovation implies that the
growth rate of innovation is gz = 1.1%. For (3) and (4), we use the conventional values of the
population growth rate (1%) and the economic growth rate (2%). Finally, the steady-state value
of i is calibrated by targeting the average inflation rate in the US, which is about 2.5% over the
last two decades. Table 2 summarizes these targeted moments and calibrated parameter values.

The benchmark parameters enable us to quantify the impacts of inflation (and the nominal
interest rate) on fertility, human capital accumulation, innovation and economic growth, respec-
tively. Figure 1a shows that the fertility rate is increasing in the inflation rate, which is in line
with the empirical evidence provided by He (2018a). Figure 1b displays that the growth rate of
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human capital is monotonically decreasing in the inflation rate.14 Moreover, Figure 2a shows that
the growth rate of technology is also decreasing in the inflation rate. This result indicates that
the negative effect on innovation arising from the CIA constraint on R&D dominates the positive
effect arising from the CIA constraint on manufacturing. Since human capital accumulation and
technological progress are both decreasing in the inflation rate, the relationship between eco-
nomic growth and inflation is monotonically negative, as displayed in Figure 2b.15 The long-run
negative correlation between inflation and economic growth is consistent with some existing em-
pirical findings such as Vaona (2012), Barro (2013), and Chu et al. (2014). When the inflation rate
rises from -5.05% (i.e. i = 0) to 15.08% (i.e., i = 0.2), the growth rate of human capital falls from
0.929% to 0.852% and the growth rate of innovation reduces from 1.137% to 1.044%, respectively.
As a result, the equilibrium economic growth declines from 2.066% to 1.895%.

Table 2: Targeted moments and parameter values

Parameters Target moments
α 1 ηc 0.17 R&D/GDP 0.03

ρ 0.02 ηm 0.01 The growth rate of innovation 1.1%
δ 0.055 ηr 0.4434 Population growth rate 1%
γ 1.034 θ 0.1015 Economic growth rate 2%
φ 56.97 ξ 0.1043 Average inflation rate 2.5%
i 0.075

(a) (b)
Fig. 1. (a) Inflation and fertility; (b) Inflation and human capital accumulation

14He (2018b) assumes that human capital investments are subject to CIA constraints and shows that an increase in
the nominal interest rate negatively impacts the accumulation of human capital. Although we do not assume that
human capital investment is subject to CIA constraints in this study, a higher nominal interest rate still has a negative
effect on human capital accumulation.

15In Appendix A.5 with CIA constraints only on consumption and manufacturing, we perform a counterfactual
exercise in which inflation generates a non-monotonic impact on economic growth.
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(a) (b)
Fig. 2. (a) Inflation and innovation; (b) Inflation and economic growth

6.2 Special cases

In order to clarify the role of each CIA constraint in the inflation-growth relationship, we
explore three special cases in this subsection. First, we examine the case of CIA constraint on
consumption only (i.e., ηr = ηm = 0) to correspond to Proposition 2. Second, we perform an
exercise with CIA constraint on R&D only (i.e., ηc = ηm = 0) to verify the effects of inflation on
human capital accumulation and economic growth through a quantitative analysis. Applying the
benchmark parameter values in equation (38), we can calculate the threshold value of i∗ = 11.61,
which implies that the inequality i < i∗ holds for the entire range of i ∈ [0, 1]. Thus, in the case of
CIA constraint on R&D, similar to those situations on consumption and manufacturing, inflation
also negatively impacts human capital accumulation. In this case, combining the negative effect
of i on innovation, the economic growth rate is monotonically decreasing in i. Finally, the exercise
of CIA constraint on manufacturing only (i.e., ηc = ηr = 0) is implemented to verify the overall
growth effect of inflation. Based on the benchmark parameter values, it can shown that the
condition γ/[ln γ(γ − 1)] > Φ is satisfied. Hence, the threshold value i+ is calculated to be
−3040.17, indicating that the inequality i > i+ holds for the entire range of i ∈ [0, 1]. As a
result, the human-capital-accumulation channel dominates the technological-progress channel,
implying that the overall growth effect of i is negative in this case.

We elaborate the results of each special case as follows. We first consider the special case of
CIA constraint on consumption only. Given that other calibrated parameters remain unchanged
as in the benchmark, we reduce the strength of CIA constraints on R&D ηr and manufacturing
ηm to zero. Figure 3 depicts the impacts of inflation on fertility and human capital accumulation.
As in Proposition 2, a higher inflation rate (and the nominal interest rate) has a positive effect on
the fertility rate, whereas it has a negative effect on the growth rate of human capital. Specifically,
when the inflation rate rises from -5.05% to 15.08%, the growth rate of human capital reduces
by 0.068%, and the decline in human capital accumulation caused by the CIA constraint on con-
sumption accounts for roughly 87% of the change in the benchmark case, which suggests that
the CIA constraint on consumption is the crucial channel for monetary policy to affect human
capital accumulation. The intuition is as follows. Since the CIA constraint directly influences
households’ tradeoff between consumption and production of children, the inflationary impact
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on fertility would be transmitted to human capital accumulation through the quality-quantity
tradeoff. Figure 4 shows that inflation does not affect innovation, which is consistent with Propo-
sition 2. Thus, human capital accumulation is the single channel through which monetary policy
affects economic growth in this case.

Next, we consider the special case of CIA constraint on R&D only by reducing the strength of
CIA constraint on consumption ηc and manufacturing ηm to zero while preserving other param-
eter values in the benchmark. Figures 5 and 6 depict the impacts of inflation on the interested
variables. Figure 5b describes a negative relationship between inflation and human capital ac-
cumulation. Furthermore, when the inflation rate rises from -5.05% to 15.08%, the growth rate
of human capital only decreases by 0.005%. In line with Proposition 3, the growth rate of inno-
vation is decreasing in inflation as shown in Figure 6a. Consequently, the overall growth effect
becomes unambiguous in the current case. Under the interaction of human capital accumulation
and technological progress, the economic growth rate strictly decreases in inflation, as display
in Figure 6b.16 Moreover, when the inflation rate rises from -5.05% to 15.08%, the growth rate
of technology declines by 0.095% and the economic growth rate declines by 0.1%. Therefore,
unlike the previous case with the CIA constraint on consumption, in the current case with the
CIA constraint on R&D, innovation becomes the main channel through which inflation affects
economic growth whereas human capital accumulation plays a relatively minor role.

Third, we examine the last case of CIA constraint on manufacturing only in which the
strengths of CIA constraints on consumption and R&D are both set to zero. The impacts of
inflation on fertility, human capital accumulation, technological progress, and economic growth
are displayed in Figures 7 and 8. As shown in Figure 7, the pattern of fertility and human capital
accumulation is similar to previous cases. However, the growth rate of technology is increasing in
the inflation rate as in Figure 8a. The negative effect of inflation on human capital accumulation
and the positive effect on innovation correspond to the results in Proposition 4. Furthermore, the
overall negative growth effect, as shown in Figure 8b, indicates that the negative effect arising
from human capital accumulation dominates the positive effect arising from R&D-based innova-
tion.17 Balancing the opposing effects from these two engines results in a small contribution of
the CIA constraint on manufacturing (by only 0.88%) to the negative growth effect of monetary
policy.

6.3 Robustness

To check the robustness of our quantitative results, we perform two exercises by (1) reducing
the CIA constraint on manufacturing to zero, and (2) considering an alternative value of the
growth rate of innovation gZ, respectively.

To capture the fact that the CIA constraint on manufacturing is almost zero in the US, we
first consider the case in which CIA constraints are only imposed on consumption and R&D.
The results are displayed in Figure 9 and Figure 10 . It is shown that the benchmark estimation
results are robust to the counterpart with a CIA constraint on manufacturing ηm. Recalling that

16In Appendix A.3 with the CIA constraint only on R&D, we show a counterfactual exercise in which inflation
generates a U-shaped effect on economic growth.

17In Appendix A.4 with the CIA constraint only on manufacturing, we perform an additional exercise in which
inflation generates a positive effect on economic growth.
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(a) (b)
Fig. 3. (a) Inflation and fertility (ηr = ηm = 0);

(b) Inflation and human capital accumulation (ηr = ηm = 0);

(a) (b)
Fig. 4. (a) Inflation and innovation (ηr = ηm = 0);
(b) Inflation and economic growth(ηr = ηm = 0)

(a) (b)
Fig. 5. (a) Inflation and fertility (ηc = ηm = 0);

(b) Inflation and human capital accumulation (ηc = ηm = 0);
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(a) (b)
Fig. 6. (a) Inflation and innovation (ηc = ηm = 0);
(b) Inflation and economic growth(ηc = ηm = 0)

(a) (b)
Fig. 7. (a) Inflation and fertility (ηc = ηr = 0);

(b) Inflation and human capital accumulation (ηc = ηr = 0);

(a) (b)
Fig. 8. (a) Inflation and innovation (ηc = ηr = 0);
(b) Inflation and economic growth(ηc = ηr = 0)
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the analysis in Subsection 5.3, the presence of a CIA constraint on manufacturing retards human
capital accumulation but promotes technological progress. Therefore, when the CIA constraint
on manufacturing becomes absent, the negative effect of inflation on human capital accumula-
tion becomes weaker whereas its negative effect on innovation becomes larger. However, these
opposing effects almost offset each other so that the decline in the economic growth growth in
this case (i.e., -0.168%) is similar to the benchmark case (i.e., -0.177%).

Next, we examine the robustness of numerical results under gZ = 0.8%, where the fraction of
R&D contributes to long-run economic growth is approximately 40%, as suggested by Chu and
Cozzi (2014). The results regarding the impacts of inflation on fertility, human capital accumu-
lation, innovation, and economic growth are depicted in Figure 11 and Figure 12, respectively.
Similar to the benchmark case, the fertility rate increases with the inflation rate, whereas the
growth rate of human capital, innovation and consumption per capita all decrease with it, in-
dicating that our quantitative results are robust to the alternative value of gZ. Moreover, the
decline in economic growth in this case (i.e., -0.097%) is smaller than in the benchmark case (i.e.,
-0.177%).

(a) (b)
Fig. 9. (a) Inflation and fertility (ηm = 0);

(b) Inflation and human capital accumulation (ηm = 0);

6.4 Welfare analysis

In this subsection, we explore the welfare effects of monetary policy and analyze the optimal-
ity of Friedman rule. First, we derive the steady-state welfare function by imposing the balanced
growth condition on (1), which is given by

U =
1
ρ

(
ln c0 +

gc

ρ
+ α ln n

)
, (48)

where c0 is the steady-state level of consumption along the BGP. Combining ct = Yt/Nt and (19),
c0 can be expressed as:

c0 = Z0h0sx, (49)
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(a) (b)
Fig. 10. (a) Inflation and innovation (ηm = 0);
(b) Inflation and economic growth(ηm = 0)

(a) (b)
Fig. 11. (a) Inflation and fertility (gZ = 0.008);

(b) Inflation and human capital accumulation (gZ = 0.008);

where Z0 and h0 denote the initial level of technology and human capital per capita, respectively.
Using the equilibrium growth rate of consumption per capita given by (26) and the resource
condition given by (4), and dropping the exogenous terms, we obtain

U =
1
ρ

(
ln sx +

φ ln z
ρ

sr +
ξe − n

ρ
+ α ln n

)
, (50)

where e is defined as e ≡ e0/h0. Differentiating (50) with respect to i yields:

∂U
∂i

=
1
ρ

∂ ln sx

∂i︸ ︷︷ ︸
>0

+
φ ln z

ρ

∂sr

∂i︸︷︷︸
<0

+
ξ

ρ

∂e
∂i︸︷︷︸
<0

−1
ρ

∂n
∂i︸︷︷︸
>0

+α
∂ ln n

∂i︸ ︷︷ ︸
>0

 , (51)

=
1
ρ

[
∂ ln sx

∂i
+

φ ln z
ρ

∂sr

∂i
− 1

ρ

(
1 +

ξ

θ

)
∂n
∂i

+ α
∂ ln n

∂i

]
. (52)
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(a) (b)
Fig. 12. (a) Inflation and innovation (gZ = 0.008);
(b) Inflation and economic growth(gZ = 0.008)

Based on the benchmark results, a higher nominal interest rate has the following effects on social
welfare. First, it increases the share of human capital allocated to production sx and thereby
increases the initial level of consumption per capita, which has a positive effect on welfare.
However, it negatively impacts social welfare due to its negative-growth effect. Specifically, On
the one hand, a higher nominal interest rate i decreases the R&D share of human capital sr

and then declines the growth rate of technology, which leads to a negative impact on social
welfare. On the other hand, it reduces social welfare through a lower growth rate of human
capital due to its negative effect on human-capital investment e. At the same time, a higher i
reduces the growth rate of human capital through a higher fertility rate n, resulting in an indirect
negative effect on welfare. In addition to the above welfare effects, the increase in fertility n
exhibits a direct positive effect on welfare since it increases the households’ utility level. As in
Chu et al. (2019b), the additional long-run growth effect arising from endogenous human capital
accumulation amplifies the negative effect of monetary policy on welfare. However, the welfare
effect caused by population growth, a vital factor affecting human capital accumulation and
households’ utility, has been neglected in the literature.

It is analytically difficult to clarify the overall effect of inflation on social welfare. Therefore,
in the subsequent analysis, we use the benchmark parametrization in the previous analysis to
quantify the overall welfare effect of monetary policy and how a single CIA constraint affects
social welfare. The results are displayed in Figure 13. Figure 13a depicts a negative relationship
between welfare gains and inflation in the benchmark case, which shows that the optimal interest
rate is zero. In other words, the Friedman rule is optimal in the benchmark case. Intuitively,
there are two positive welfare effects of higher inflation: the first effect stems from a rise in the
household’s initial consumption level and the second effect stems from an increase in population
growth, both of which lead to a higher utility level. However, these two positive effects are fully
dominated by the negative effect that arises from the decline in economic growth. As a result,
the overall welfare effect is generally negative. Figure 13b and 13c, which feature the single CIA
constraint cases, indicate a similar pattern as in the benchmark case. That is, the negative welfare
effect of inflation still holds, and the Friedman rule is also optimal in the presence of a CIA
constraint on only consumption or R&D. However, the welfare effect of inflation differs in the
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presence of CIA constraint on manufacturing only, as shown in Figure 13d. In the presence of
CIA constraint on manufacturing, a higher nominal interest rate leads human capital to shift from
production to R&D and thereby decreases the share of human capital allocated to production;
thus, the welfare effect arising from the initial level of households’ consumption changes from
being positive to negative. Nevertheless, the overall welfare effect overturns (to be positive) in
this case, as the negative welfare effect caused by economic growth becomes weaker due to those
two offsetting growth engines, leaving the positive welfare effect of population in the dominant
position.

(a) Benchmark case (b) ηr = ηm = 0

(c) ηc = ηm = 0 (d) ηc = ηr = 0
Fig. 13. Inflation and the social welfare

7 Conclusion

In this study, we explore the growth and welfare implications of monetary policy in a Schum-
peterian economy featuring two independent growth engines: human capital accumulation and
technological progress. In contrast to previous studies, the novel contribution of this study is
to incorporate endogenous fertility into the monetary Schumpeteiran growth framework, which
makes inflation operate through the growth engines differently and generates diverse inflation-
growth relationships. Moreover, we consider the roles of vaiours CIA constraints in this model.

We first theoretically analyze the growth effects of monetary policy when a CIA constraint
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is applied to consumption, R&D and manufacturing, respectively. The long-run relationship
between economic growth and monetary policy is analytically ambiguous in our DGE model
due to the complicated interaction of technological progress and human capital accumulation.
By applying the aggregate data of US, we conduct a quantitative analysis to further explore
such a relationship. Combining the theoretical and quantitative analysis, we find that a higher
nominal interest rate stifles economic growth by lowering human capital accumulation when
consumption is CIA-constrained. When R&D is CIA-constrained, raising the nominal interest
rate hinders economic growth since it negatively impact both engines of growth (technological
progress and human capital accumulation). When manufacturing is CIA-constrained, the nom-
inal interest rate has a negative effect on human capital accumulation and a positive effect on
technological progress. The overall growth effect is still negative since the positive effect on inno-
vation is completely dominated. Furthermore, when all three constraints are taken into account
simultaneously, we find a negative relationship between the nominal interest rate and human
capital accumulation, technological progress and the equilibrium growth rate in the benchmark
calibrated economy. Finally, we analyze the welfare implication of monetary policy including the
utilities from consumption and the number of children. We find that in the benchmark case the
welfare effect of monetary policy is negative and thereby the Friedman rule is optimal.

Facing the realistic case of zero or even negative population growth in many industrialized
economies, the consideration of endogenous fertility choice in our study tends to enrich the anal-
ysis of policy implications on population growth, economic growth, and social welfare. Dramatic
changes in demographic structures in many countries over the past few decades have inspired
plenty of studies exploring mechanisms through which demographic changes affect economic
growth (for example, Connolly and Peretto 2003; Strulik et al. 2013; Brunnschweiler et al. 2021).
In addition, other demographic change forces, such as mortality, migration, are also worthwhile
examining. Extending the current analysis by taking into consideration these crucial issues will
be promising directions for future research.
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A Appendix

A.1 Household’s dynamic optimization

The household’s Hamiltonian function is

Ht = ln ct + α ln nt + µt [(rt − nt) at + wtlt − ct − (πt + nt)mt + itbt + τt]

+ εt {ξ [ht (1 − nt/θ)− lt]− (nt + δ) ht}+ ϑt (mt − bt − ηcct) ,

where µt is the co-state variable associated with the law of motion in (2), εt is the co-state variable
associated with the law of motion in (5), and ϑt is the multiplier on the CIA constraints in (3).
Differentiating the Hamiltonian function, we can obtain the following first-order conditions:

∂Ht

∂ct
=

1
ct

− µt − ηcϑt = 0, (A.1)

∂Ht

∂at
= µt (rt − nt) = ρµt − µ̇t, (A.2)

∂Ht

∂mt
= −µt (πt + nt) + ϑt = ρµt − µ̇t, (A.3)

∂Ht

∂lt
= µtwt − ξεt = 0, (A.4)

∂Ht

∂ht
= εtξ

(
1 − nt

θ

)
− (nt + δ) εt = ρεt − ε̇t, (A.5)

∂Ht

∂nt
=

α

nt
− µt (at + mt)− εt

(
ξ

ht

θ
+ ht

)
= 0, (A.6)

∂Ht

∂bt
= µtit − ϑt = 0. (A.7)

Combining (A.1) and (A.7) yields
1
ct

= µt (1 + ηcit) . (A.8)

Moreover, equation (A.2) implies the intertemporal optimality condition in (7). Substituting (A.4)
and (A.8) into (A.6) yields the optimal condition for fertility choice in (8). Log-differentiating
(A.4) with respect to t yields

µ̇t

µt
+

ẇt

wt
=

ε̇t

εt
. (A.9)

Then combining (A.9) with (A.2), (A.4), and (A.5) yields (9). Finally, combining (A.2), (A.3) and
(A.7) yields ϑt = µt(rt + πt) = µtit, implying the Fisher equation such that it = rt + πt.

A.2 Proof of Proposition 1

In this proof, we examine the dynamics of this model by the time paths of sx,t and sr,t, which
are transformed variables defined as sx,t ≡ Lx,t/(htNt) and sr,t ≡ Lr,t/(htNt), respectively, in the
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case of a constant interest rate i. Taking the log of sx,t and differentiating it with respect to t
yields

ṡx,t

sx,t
=

L̇x,t

Lx,t
− ḣt

ht
− Ṅt

Nt
. (A.10)

Similarly, taking the log of Yt = ctNt and Yt = ZtLx,t and then differentiating with respect to t
yields

Ẏt

Yt
=

ċt

ct
+ nt =

Żt

Zt
+

L̇x,t

Lx,t
. (A.11)

Combining (A.11) and (24) yields

L̇x,t

Lx,t
= ξ

(
1 − nt

θ

)
− ρ − δ. (A.12)

Substituting (A.12) and (5) into (A.10) yields

ṡx,t

sx,t
= ξ

(
1 − nt

θ
− et

ht

)
− ρ = ξ(sx,t + sr,t)− ρ. (A.13)

Combining (13), (14) and (16) yields

sr,t

sx,t
=

(1 + ηmi)γλtvt

(1 + ηri)Yt
⇔ Πt

vt
=

(
1 + ηmi
1 + ηri

)
(γ − 1)φsx,t, (A.14)

where λt = φsr,t as shown in (19). Differentiating the log of (A.14) with respect to t yields

ṡx,t

sx,t
=

Ẏt

Yt
− v̇t

vt
. (A.15)

Substituting (7) and (15) into (A.15) yields

ṡx,t

sx,t
=

(
1 + ηmi
1 + ηri

)
(γ − 1)φsx,t − φsr,t − ρ. (A.16)

Equating (A.13) and (A.16) yields

sr,t =

[
(1 + ηmi)(γ − 1)φ

(1 + ηri)(ξ + φ)
− ξ

ξ + φ

]
sx,t. (A.17)

Finally, we substitute (A.17) into (A.13) to obtain

ṡx,t

sx,t
=

{
φξ [(1 + ηmi)(γ − 1) + (1 + ηri)]

(ξ + φ)(1 + ηri)

}
sx,t − ρ. (A.18)

Therefore, the dynamics of sx,t is characterized by saddle-point stability in the sense that sx,t

jumps immediately to its unique steady-state value given by sx = ρ (1/ξ + 1/φ) (1 + ηri)/[(1 +

ηmi)(γ − 1) + (1 + ηri)]. Similarly, equation (A.17) shows that sr,t jumps to its steady-state value
as well. The stationarity of sr,t implies that the arrival rate of innovation λt is also stationary.
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Moreover, equation (34) shows that given a constant nominal interest rate i, nt is stationary
when sx,t = sx and sr,t = sr. Finally, et/ht = 1 − nt/θ − ρ/ξ is stationary as well.

A.3 Additional numerical analysis with CIA on R&D

From Proposition 3, our model implies that in the presence of a CIA constraint on R&D,
human capital accumulation can be a U-shaped function of inflation; namely, inflation exhibits
a U-shaped effect on economic growth rather than a monotonically decreasing one. In this
subsection, we conduct a counterfactual exercise by considering a new set of parameter values
to correspond to this theoretical implication. Here, we consider the special case where the CIA
constraint is only imposed on R&D (i.e, ηc = ηm = 0). While keeping other parameter values
unchanged, we set α = 10, γ = 1.0022, ρ = 0.001, θ = 5,ηr = 1. The impacts of inflation
on fertility and human capital accumulation are summarized in Figures 14, which suggests an
inverted-U relationship between fertility and inflation whereas a U-shaped relationship between
human capital accumulation and inflation, respectively. The growth rate of technology is still
decreasing in inflation, as shown in Figure 15a. Furthermore, Figure 15b implies that in the case
of CIA constraint only on R&D, at low levels of inflation, the negative effect on human capital
accumulation reinforces the negative effect on innovation, leading to a negative growth effect.
Nevertheless, as inflation rises to a high level (6.09%), the effect of inflation on human capital
accumulation turns to be positive and it tends to dominate the negative effect on innovation. As
a result, in line with the implication of Proposition 3, the overall effect of inflation on economic
growth becomes U-shaped. In addition, comparing Figure 15b with Figure 14b, we can see that
the threshold value for i that overturns the effect of inflation on gc is greater than the counterpart
on gh (12.09%).

(a) (b)
Fig. 14. (a) Inflation and fertility (α = 10, γ = 1.0022, ρ = 0.001, θ = 5, ηr = 1);

(b) Inflation and human capital accumulation (α = 10, γ = 1.0022, ρ = 0.001, θ = 5, ηr = 1)

A.4 Additional numerical analysis with CIA on manufacturing

Proposition 4 indicates that when the CIA constraint is only imposed on manufacturing
(i.e., ηc = ηr = 0), the positive inflation-innovation effect would entirely dominate the nega-
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(a) (b)
Fig. 15. (a) Inflation and innovation (α = 10, γ = 1.0022, ρ = 0.001, θ = 5, ηr = 1);
(b) Inflation and economic growth (α = 10, γ = 1.0022, ρ = 0.001, θ = 5, ηr = 1)

tive inflation-human capital effect under a sufficiently large step size γ, leading to a positive
impact of i on economic growth. To correspond to this theoretical implication, we conduct an
extra exercise by considering an alternative value of γ (i.e., 1.0445) while other parameter values
are preserved. The relationship between inflation and interested variables are shown in Figure
16 and 17. Similar to the benchmark case, human capital accumulation decreases with infla-
tion whereas innovation increases with it. Moreover, the positive relationship between economic
growth and inflation, as depicted in Figure 17b, is consistent with Proposition 4.

(a) (b)
Fig. 16. (a) Inflation and fertility (γ = 1.0445);

(b) Inflation and human capital accumulation (γ = 1.0445)

A.5 Additional numerical analysis with CIA on consumption and manufacturing

From Proposition 4 and Figure 17b, imposing a CIA constraint on manufacturing makes
it possible for our model to capture an overall non-monotonic relationship between inflation
and economic growth, which has been documented in existing empirical studies (e.g., López-
Villavicencio and Mignon 2011; Eggoh and Khan 2014; Hu et al. 2021). Thus, to verify that our
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(a) (b)
Fig. 17. (a) Inflation and innovation (γ = 1.0445);
(b) Inflation and economic growth (γ = 1.0445)

model is also flexible to generate an inverted U-shaped relationship between inflation and eco-
nomic growth, a counterfactual exercise on alternative values of ηr, ηm, and γ is conducted.
We first reduce ηr to zero to eliminate the negative growth effect caused by the CIA constraint
on R&D. Then we set the step size γ to 1.04845 to enlarge the positive-growth effect arising
from technological progress with the aid of CIA constraint on manufacturing. Lastly, we follow
Arawatari et al. (2018) to set the strength of CIA constraint on manufacturing ηm = 1 to am-
plify the growth effect. Figures 18 and 19 summarize the impacts of inflation on the interested
variables.

Figure 18 shows that both the monotonically increasing relationship between inflation and
fertility and the monotonically decreasing relationship between inflation and human capital accu-
mulation continue to hold. Nevertheless, the impact of inflation on technological progress alters
and thereby economic growth becomes an inverted-U function of inflation, as shown in Figure
19. Intuitively, when the CIA constraint on R&D is absent, the impact of inflation on innovation
is solely determined by the CIA constraint on manufacturing, leading to a positive correlation
between innovation and inflation, as displayed in Figure 19a. In addition, as shown in Figure 19b,
if the strength of the CIA constraint on manufacturing and the step size are raised to sufficiently
larger values, the positive-growth effect from technological progress tends to initially dominate
the negative-growth effect from human capital accumulation, but this domination reverses when
the inflation rate exceeds the threshold value at 2.67%. That is, the growth-maximizing inflation
rate is approximately 2.67%, which is close to the empirical estimation of López-Villavicencio
and Mignon (2011) (i.e., 2.7%).
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(a) (b)
Fig. 18. (a) Inflation and fertility (ηr = 0, ηm = 1, γ = 1.04845);

(b) Inflation and human capital accumulation (ηr = 0, ηm = 1, γ = 1.04845)

(a) (b)
Fig. 19. (a) Inflation and innovation (ηr = 0, ηm = 1, γ = 1.04845);
(b) Inflation and economic growth (ηr = 0, ηm = 1, γ = 1.04845)
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