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Abstract

This study develops a two-sector quality-ladder model with semi-endogenous growth to
analyze the welfare comparison between a policy regime in which R&D subsidies are dif-
ferentiated across sectors and another policy regime in which R&D subsidies are uniformly
implemented. The findings of this study are as follows. First, sector-specific optimal R&D
subsidies are decreasing in both the markup of firms and the degree of R&D duplication ex-
ternality. Second, general optimal R&D subsidies are a weighted average of sector-specific
optimal R&D subsidies and also depend on market sizes of the sectors, which is in contrast
to the sector-specific policy design. Finally, sector-specific optimal R&D subsidies can be
more welfare-enhancing than general optimal R&D subsidies only if the sector that grows fast
(slowly) possesses a smaller (larger) market size. The model is calibrated to the US economy
and the numerical investigation confirms our theoretical results on the welfare difference
between the two regimes. Moreover, our empirical investigation for the case of US 3-digit
manufacturing industry broadly supports our claims.
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1 Introduction

It is widely known that research and development (R&D) activities for innovations are consid-
ered as one major engine of growth in many industrialized economies. Traditional endogenous
growth theory shows that positive externalities from R&D tend to be in a dominate position be-
cause it is difficult for inventors to fully appropriate the benefits of innovations (e.g., Romer
(1990), Grossman and Helpman (1991), Aghion and Howitt (1992), and Jones and Williams
(2000)). This argument is highly consistent with empirical evidence measuring the social and
private returns to R&D (e.g., Griliches and Lichtenberg (1984) and Jones and Williams (1998)).
Due to the R&D underinvestment problem, government intervention in terms of subsidizing
R&D activities becomes obviously plausible, and this topic has been one key realm for policy
design in the recent studies of endogenous growth.1

The existing literature has examined various forms of (optimal) R&D subsidies by assuming
that the process of innovations is virtually identical across industries.2 In fact, the organization
of R&D can be diverse from sector to sector such that sectoral technological progress and the
resulting growth exhibit apparently different patterns. For instance, Ngai and Pissarides (2007)
propose a multi-sector growth model where an exogenous difference in technological progress
across sectors is assumed to explain substantial variances in the rates of sectoral total factor
productivity (TFP) growth. This proposal supports the observation of early empirical studies
such as Kravis et al. (1983) with across-sectors data and Baumol et al. (1985) with industry-level
data, respectively. Therefore, applying the Ngai-Pissarides idea implies that our analysis of R&D
subsidies should take into account the important differences of technological progress across
sectors. Motivated by the above discussion, a natural question in relation to the optimal de-
sign of R&D policy arises, as is written by Aghion and Howitt (1998), “Should R&D subsidies
be targeted to particular sectors, industries, or firms, or instead should R&D subsidies be pro-
vided on a nondiscriminatory basis?" Moreover, if more R&D subsidies should be targeted to
a particular sector or a particular industry, how should they be implemented according to the
sector/industry characteristics? Consequently, this study attempts to address these questions by
comparing sector-specific and general optimal R&D subsidies in terms of their implications on the
policy instrument design and social welfare.3

This paper provides a two-sector quality-ladder model with semi-endogenous growth in
which the rate of investment subsidies on R&D serves as a policy variable that is implementable
by the government (i.e., policymakers). We characterize optimal R&D subsidization under two
policy regimes such that (a) R&D subsidies are differentiated in each sector and (b) R&D subsi-
dies are devised uniformly across sectors. Furthermore, we compare the welfare implications of
these two policy regimes and derive the (necessary) conditions under which the potential welfare

1See Takalo et al. (2013) for a survey showing that since 1990s, R&D subsidies have been one of the largest and
most frequently-used form of industrial aid in the US and the European Union.

2One exception is Segerstrom (2000), who considers the difference between the process of vertical innovations and
that of horizontal innovations in order to derive the conditions under which targeted and general R&D subsidies are
growth-enhancing or growth-retarding, respectively.

3This study uses general optimal R&D subsidies and uniform optimal R&D subsidies interchangeably to keep the
consistency with the terms in Segerstrom (2000).
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improvement is realized from targeting R&D subsidies differently across sectors.
We summarize the results from this growth-theoretic model as follows. First, sector-specific

optimal R&D subsidies are decreasing in the markup of firms and the sectoral degree of R&D
duplication. The markup of firms measures monopolistic distortions and the degree of R&D
duplication measures the fishing-out effect in sectoral production of innovations, respectively. A
higher level of these factors mitigates the negative R&D externalities and makes the R&D un-
derinvestment problem less severe in the sector. Hence, R&D subsidies respond to decline by
reducing the equilibrium R&D level. In other words, the fast- (slow-)growing sector is subsi-
dized more (less) heavily. Second, general optimal R&D subsidies are a weighted average of
sector-specific optimal R&D subsidies and the optimal weight depends on the market size and
the degree of R&D duplication of a sector. The main difference in policy design between these
regimes is that the market size of a sector does not affect sector-specific optimal R&D subsidies
whereas it affects general optimal R&D subsidies. Specifically, we find that market size does not
lead to a change in the labor ratios within and across sector(s) under sector-specific optimal R&D
subsidies relative to the first-best counterparts; in contrast, market size affects the within-sector
production-R&D labor ratio under general optimal R&D subsidies relative to the first-best coun-
terpart. Thus, the uniform regime has to take into account the effect of market size in addition to
the effect of the sectoral degree of R&D duplication. Finally, we show that sector-specific optimal
R&D subsidies do not necessarily generate a higher level of social welfare than general optimal
R&D subsidies as expected, and the magnitude of the welfare difference is determined by the
comparisons of market size and R&D duplication externalities between the sectors. In particular,
the sector-specific regime can lead to welfare gains by placing more subsidies on the fast-growing
sector only if this sector happens to possess a smaller market. We perform a quantitative analysis
by calibrating the model to the US data, and the numerical result supports this policy implication.

One feature of this study is that we modify the quality-ladder model of Grossman and Help-
man (1991) by considering semi-endogenous growth as in Segerstrom (1998) and by incorporat-
ing two sectors that differ by market size, technological opportunity, and R&D duplication. It
is worthwhile highlighting our intention to choose this modification for the analysis of optimal
R&D subsidies. On the one hand, based on the empirical evidence documented by Griliches
(1990), Klenow (1996) shows that in a two-sector Romer-type growth model, market size and
technological opportunity are two crucial industry characteristics that best account for the across-
industry differentials in R&D intensity and productivity growth in the US during 1959 and 1989.
On the other hand, Kim (2011) presents more recent US data to reveal the fact that employment,
consumption expenditure, and R&D investment have grown faster in the service sector than
in the manufacturing sector, which is in line with the findings of other related empirical evi-
dence (e.g., Wölfl (2003), Triplett and Bosworth (2004), and Herrendorf et al. (2013)). To explain
these sectoral differences, Kim (2011) constructs a two-sector model in the Jones (1995a) version
of semi-endogenous growth by assuming that the degree of R&D duplication in production of
ideas (i.e., the process of innovations) varies across sectors. Therefore, our paper attempts to
combine the above aspects (i.e., semi-endogenous growth and three types of across-industry dif-
ferences) in a standard R&D-based growth framework. In addition, the reason for this study to
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adopt the Grossman-Helpman fashion of Schumpeterian growth is that we take the advantage of
one property in this model in which labor is the only element involved in the (steady-state) equi-
librium allocations. Given this nature of the model, it is convenient to derive the socially optimal
solution, making the welfare comparison between the two optimal R&D regimes analytically
tractable.

This paper firstly relates to some previous interesting studies, such as Ekholm and Torstens-
son (1997) and Segerstrom (2000), which analyze the impacts of targeted and uniform R&D
subsidies on production of innovations and economic growth, respectively. In particular, Ekholm
and Torstensson (1997) consider a specific-factor model and examine the conditions under which
targeted industry R&D subsidies and the uniform counterparts across sectors are able to increase
R&D investment and aggregate production of high-tech goods. Because of the relative impact
of different R&D activities on productivity and the difficulty in reallocating resources from the
non-high-tech sector to various high-tech industries, they find that as compared to uniform R&D
subsidies, R&D subsidies targeted to the high-tech sector may be less effective for expanding
production in the targeted sector, giving rise to potentially negative welfare effects. Additionally,
by presenting a generalized version of the Howitt (1999) model of scale-free growth involving
both horizontal and vertical R&D innovations, the analysis of Segerstrom (2000) provides a com-
plete characterization about the long-run growth effect of R&D subsidies, concluding that both
general and targeted R&D subsidies stimulate (retard) economic growth if subsidies promote the
type of innovations that is the stronger (weaker) engine of growth.

The present paper differs from the above papers as follows. (a) The prior two studies focus
on R&D subsidies that are targeted to one particular sector or one particular type of innova-
tions without interventions on the others, whereas our analysis allows a sector-specific investi-
gation for financial-aids implementation by targeting the two sectors differently. (b) Ekholm and
Torstensson (1997) consider a static general equilibrium model to conduct a comparative-statics
analysis for the effects of both targeted and uniform R&D subsidies on increasing high-tech
production, so their model is lack of explicit dynamics and the process by which firms under-
take R&D expenditures. Our analysis hence complements their study by considering a dynamic
general equilibrium framework and modeling the optimization of firms’ R&D decisions in two
different industries. (c) Segerstrom (2000) shows the interesting result such that both targeted
and uniform R&D subsidies can either stimulate or hinder long-run economic growth according
to the differences in the diminishing returns to innovations (i.e., R&D duplication externalities
in our context). Nonetheless, in addition to growth effects, welfare effects are also an important
criterion for devising and choosing R&D policy regimes. Therefore, the present study fills this
gap in the literature. Specifically, one novel contribution of this study is to provide another as-
pect of explanation for why general R&D subsidies can be a ubiquitous form of industrial aids in
practice, even though the structure of innovations across industries is different and all industries
are targeted.

This study also contributes to the literature of dynamic general equilibrium models that ex-
plores the policy design and welfare effects of optimal research subsidies in a setup of R&D-
based growth. For instance, Şener (2008) investigates an endogenous growth model in which
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scale effects are removed by the rent-protection approach and the diminishing-technological-
opportunities approach. He finds that the steady-state rate of innovations and that of economic
growth depend on the R&D subsidy/tax, and the simulation exercises suggest that under a
wide range of empirical calibrations, the optimal R&D subsidy rate should vary between 5%
and 25%. Moreover, Grossmann et al. (2013) extend the semi-endogenous growth model of Jones
(1995a) and show that the first-best optimal growth path can be supported in market equilib-
rium by a combination of constant intermediate-good subsidies and time-varying R&D subsi-
dies. By characterizing the optimal transitional dynamics, their results indicate that the welfare
losses of implementing the long-run optimal R&D subsidies rather than the dynamically optimal
counterparts are quantitatively negligible.4 Our paper adds to this literature by identifying the
across-sector differences in several industry characteristics in a similar scale-invariant framework
of (semi-)endogenous growth, given that these industry-characteristic differences are crucial for
policymakers to implement the appropriate form of R&D subsidies.

Finally, this study is related to a small but growing empirical literature that estimates the
effects of R&D subsidies on innovative performance and social welfare. For example, using
Spanish firm-level data, González et al. (2005) find that R&D subsidies play an effective role
in stimulating investment for R&D projects, and subsidies that are required to induce firms to
engage in R&D are very heterogeneous according to the firm size. The closest empirical study to
the current paper is Takalo et al. (2013), who measure the expected welfare effects of targeted R&D
subsidies (i.e., an applicant-specific R&D policy scheme) using project-level data from Finland
during 2000 and 2002. Their results show that the estimated benefits of this subsidy policy
exceed the opportunity cost of public funds leading to welfare improvements. The present paper
complements these interesting empirical studies by focusing on the welfare effect of industry-
(sector-)level R&D subsidies in a growth-theoretic framework.

This paper is organized as follows. Section 2 provides empirical motivation. Section 3 intro-
duces the model setup. Section 4 characterizes the decentralized equilibrium. Section 5 derives
the optimal rates of sector-specific R&D subsidies and the counterpart of general R&D subsidies.
Moreover, this section analytically and quantitatively compares the welfare difference between
the two optimal R&D policy regimes. Section 6 concludes this study.

2 Empirical Motivation

In this section, we build and estimate an empirical model describing the within-industry
relationship between R&D investment and R&D subsidies in the case of the US 3-digit manufac-
turing data. If it comes to spending on R&D, in the past decades the US government and the
other private sectors in the US has spent more than any other nation. However, the effects are
eroding resulting in decline of the US share in global economy as the other nations increased
their public and private R&D investments at much faster rate. If one looks at the manufacturing

4Zeng and Zhang (2007) incorporate elastic labor supply into a variety-expansion model to analyze the growth
and welfare effects of optimal subsidies to intermediate goods and to research, respectively. Their results show that
neither a single subsidy nor a mix of subsidies is a first-best policy regime.
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industry in the US, it is responsible for more than two-thirds of overall private sectors in R&D. In
fact, manufacturing R&D includes a wide array of industries with businesses of different sizes.
Huge R&D expenditures are involved in the industries like electronics, computers, equipment’s
of transportation and chemical (medicine/pharmaceuticals).

Government intervention in the R&D sector can be seen as a facilitative role as in the absence
of government intervention, it is foreseen that R&D expenditure of social return rate may exceed
the private rate, which leads to social suboptimal rate of investment in R&D (Leyden and Link
(1991), David et al. (2000)). Positive externalities due to inappropriate results and uncertainty
about their success further push private R&D expenditure below socially optimal levels (Nelson
(1959), Arrow (1962)). To correct the market failure by reducing capital costs of R&D activities,
the central rationale for government promotes services as subsidies to develop new technological
services or products. The empirical studies of endogenous growth models involves testing the
R&D variables effect on the total factor productivity (TFP) growth. Jones (1995b) however fails to
find evidence to show that variables are positively linked while using the time series plots of the
TFP growth and the growth rate of the number of scientists and engineers in France, Germany,
Japan and US to validate the R&D based growth models.

2.1 Data and Method

We use the NBER-CES Manufacturing Industry Database which contains annual data from
the US manufacturing sector for the period from 1958 to 2011. The data used for the develop-
ment of the database come from various sources, but chiefly from three government agencies:
the US Census Bureau, the Bureau of Economic Analysis (BEA), and the Bureau of Labor Statis-
tics (BLS). To motivate our theoretical model, we undertake empirical estimation within a non-
spatial framework. The parametric regression involves estimation of the RDI (R&D investment)
and RDS (R&D subsidies) relationship via a common correlated mean group method applied
to the panel data. The purpose of both estimations is to show that RDS has a positive and
complementary effect on RDI within an industry.

2.2 Panel Common Correlated Effects Mean Group Estimates

In order to examine the R&D investment-R&D subsidy nexus, the current study follows an
augmented neoclassical production function, which is adopted in similar studies such as Romer
and Frankel (1999). In this context, we employ a bivariate model in which we regress the R&D
investment on R&D subsidy in the same industry. In fact, such model with a reduced number
of variables has been extensively used in the literature such as in Dreger and Herzer (2013). The
argument here is straightforward; the existence of cointegration relationship between the two
variables would ensure a minimal distortion effect caused by an omitted variables. Thus, unbi-
ased and consistent estimates could be obtained regardless of any additional influence variables
such as investment, human capital, institutions, etc. Accordingly, we start off with the following
equation.

ln RDIit = αi + βi ln RDSit + εit (1)
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In the above, RDI is R&D investment and RDS is R&D subsidy. i = 1, . . . , N are the N number
of industries and t = 1, . . . , T is the T time periods, εit is the error term.

A number of econometric issues arise from the above specification. First, it assumes homo-
geneity among industries which may lead to inconsistent estimates as explained in Eberhardt and
Teal (2011). Second, it presumes that residuals are cross-sectionally independent. This seems to
be a strong assumption as trading partners may be subject to common shocks, which implies the
presence of cross-sectional dependencies. If this is true, the OLS estimates would be inefficient
with biased standard errors, see Phillips and Sul (2007) and Moscone and Tosetti (2010). We
expect our errors to be correlated as due to the relatively long time dimension Baltagi (2008).
In order to cope with these econometric issues of parameters heterogeneity and cross-section
dependence, Pesaran (2006) proposed a new technique called Common Correlated Effects Mean
Group (CCEMG). It assumes random slope coefficients, which are independent and identically
deviate from their respective averages. According to Pesaran (2006), the core idea here is to filter
the individual specific regressors with the help of cross-section aggregates and as the number
of cross sections goes to infinity the differential effects of unobserved common factors will be
trivial. To elaborate more on the CCEMG estimator, consider the following linear heterogeneous
panel specification:

RDIit = αi + βiRDSit + εit. (2)

Pesaran (2006) assumes that the error term follows a multifactor structure defined as follows:

εit = γ′1 ft + uit, (3)

where ft is a m× 1 vector of unobserved common effects, which are allowed to be serially cor-
related. In addition, Kapetanios et al. (2012) show that the ft in the above equation could be
stationary or non-stationary. They could even be correlated with R&D subsidy. The uit term
represents an industry-specific error and allowed to be weekly dependent across i and serially
correlated over t. Since xit are assumed to be correlated with unobserved effects ft, it follows that

RDSit = ηi + ζi ft + νit, (4)

where ζi is a k × 1 vector of factor loadings, and νit is the error term, which is assumed to be
identically and distributed independently of ft and uit. Finally, to obtain the estimator, one needs
to have N industry regression equations, each of which contains the cross-section average terms
for RDI and RDS as follows.

RDIit = αi + βiRDSit + bi0RDIit + bi1RDSit + εit (5)

where RDIit and RDSit are the cross-sectional averages and only serve as proxies for the common
factors and may not have any interpretable meaning (see Pesaran (2006)). The coefficient of
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interest is computed as the simple average of the N industries:

β̂CCEMG = N−1
N

∑
i=1

β̂i (6)

Thus, our estimator is just the average value of the industry-specific slopes, which reflects
the long-run relationship between RDS (R&D subsidy) and RDI (R&D investment) within an
industry. According to Pesaran (2006), the short-run dynamics and their adjustment to the long-
run across countries are accommodated through the error term εit, which has a multifactor error
structure as explained above. We use the above empirical model to estimate the relationship be-
tween R&D subsidy and R&D investment. Before we present our results, we first perform panel
cointegration test (see Pedroni (2004) for details). This is a residual-based panel cointegration
tests for heterogeneous panels and the Error Correction Model-based panel cointegration tests of
Westerlund (2007).5

Table 1: Pedroni (2004) panel cointegration tests between RDI and RDS

Panel cointegration stat Group mean cointegration stat

v-Stat Rho-Stat PP-Stat ADF-Stat Rho-Stat PP-Stat ADF-Stat
16.39*** -35.139*** -24.75*** -23.82*** -44.19*** -42.57*** -42.91***
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

Note: The null hypothesis of the test is that there is no cointegration between the variables, *** denotes the rejection
of the null hypothesis at 1%. The test is conducted with the package Eviews 8 and the AIC lag length is selected
automatically.

Table 1 shows that all the test statistics and group rho-statistics strongly reject the null hy-
pothesis of no co-integration at 1% level of significance. This implies that there is a long-run
relationship between RDS and RDI. In other words, it means that variables are cointegrated
in the sample under consideration. In addition, Table 2 shows the results of Westerlund (2007)
panel cointegration tests, which, in fact, confirm our conclusion, based on Pedroni (2004) test.

Since that RDI and RDS are cointegrated, we are interested in estimating the long-run rela-
tionship, namely β in (3) using the common correlated effects mean group (CCEMG) estimator
proposed by Pesaran (2006). We rationalize the use of the CCEMG based on several grounds.
First, it properly removes both strong and weak common factors in large crossâĂŞsectional de-
pendent panel data models. Second, it is shown to be consistent even when the associated errors

5Pedroni (2004) constructs seven statistics for testing unit roots in the residuals of the postulated long-run rela-
tionship. Of these seven statistics, the first four (Panel v-Stat, Panel Rho-Stat, Panel PP-Stat and Panel ADF-stat) are
referred to as panel co-integration statistics, the remaining three (Group Rho-Stat, Group PP-stat and Group ADF-Stat
are known as group mean co-integration statistics. In the presence of a co-integrating relation, the residuals are ex-
pected to be stationary. According to the author, the null hypothesis of no co-integration is rejected if the first statistics
has a large positive value and the remaining six statistics have large negative value. The panel cointegration test of
course precedes a panel unit root test. We have performed Pesaran Cross-sectional ADF and Im-Pesaran-Shin panel
unit root tests and found that there is a unit root in the RDS and RDI variables. The results are not reported here but
are available with the authors.
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Table 2: Westerlund (2007) panel cointegration tests between RDI and RDS

Statistic Value Z-Value P-Value

Gt -3.618 -20.77 0.00

Ga -20.92 -17.68 0.00

Pt -36.46 -8.81 0.00

Pa -12.46 -7.77 0.00

Note: We use the lag and lead length of 1 and we set the width of the Bartlett Kernel window to 2, Gt and Ga are
group mean statistics that test the null of no cointegration for the whole panel against the alternative of cointegration
for some countries in the panel. Pt and Pa are the panel statistics that test the null of no cointegration against the
alternative of cointegration for the panel as a whole.

are weakly cross-sectional dependent (see Pesaran (2006)). The CCEMG achieves these desirable
properties by augmenting the cointegrating regression with the cross-sectional averages of the
dependent variable (see equation (5)). Table 3 presents the results from these estimations.

Table 3: Panel heterogeneous estimator MG and CCEMG Estimates

MG MG MGCCE MGCCE

R&D subsidy 0.130*** 0.241*** 0.415*** 0.403***
(0.008) (0.001) (0.021) (0.02)

Trend No Yes No Yes

No. of Obs 1230 1230 1230 1230

No. of industries 22 22 22 22

CDtest statistic 151.4*** 18.23***

Note 1: Standard errors are reported in parenthesis. Symbol ***(**)[*] denote rejection of the null hypothesis at the
1%(5%)[10%] significance level. The CD test statistics are the CD test on the residuals of MG and CCEMG estimates.

The coefficient of interest is computed as the simple average of the N industries. For the sake
of comparison, we also compute the traditional mean group (MG) estimates. Table 3 presents
the results for the MGCCE and MG estimations. Results indicate that RDS has a significant and
positive impact on RDI. Accordingly, the long-run relationship between RDI and RDS is positive
and highly significant in both estimators. When we compare, however, between the MGCCE and
MG, it appears that the mean coefficient β is much bigger in the CCEMG estimate than in the MG.
Furthermore, CCEMG estimator has led to a significant reduction of cross-sectional dependence
inherent in Equation (3), and thus provides us with the true mean coefficient β. This means
that MGCCE-based estimation of R&D subsidy coefficient indicates that 1% increase in RDS on
average leads to a statistically significant increase in RDI on average by the magnitude of about
0.415% within the same industry.

To investigate the robustness of our CCEMG estimation (presented in Table 3), we utilize the
group mean Fully Modified OLS (FMOLS) and the group mean Dynamic OLS (DOLS) proposed
by Pedroni (2001), where the impact of cross-sectional dependence is captured through common
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time effects. Accordingly, these two estimators – which are based on the between dimension of
the panel – are promising in estimating the true mean value of β in heterogeneous cointegrated
panels. The FMOLS estimator considers the following cointegrated system: ln RDIit = αi +

βi ln RDSit + εit and ln RDSit = α̃i + β̃i ln RDSit−1 + vit.
Consistent with the MG and CCEMG results, in Table 4, we observe a positive and significant

within-industry relationship between RDS and RDI. In addition, the mean coefficient is bigger
for both estimators if we use the raw data that do not account for cross-sectional dependence.
However, the estimated β is much smaller than the CCEMG result in estimates with common
time effects. The result clearly shows that although RDS has significant positive impact on RDI,
this size effects are smaller once econometric issues are addressed.

Table 4: Estimated Long-run FMOLS and DOLS results

Variable FMOLS DOLS

Ln RDS 0.201*** 0.124***
(0.002) (0.006)

Note: Dependent variable is ln RDI. Standard errors are reported in parenthesis. Symbol *** denote rejection of the
null hypothesis at the 1% significance level.

To summarize, we have investigated if R&D subsidies and R&D investment share a long-run
cointegrating relationship. Using panel cointegration test and the panel mean group estima-
tor with correlated random effects, we found that there is a positive effect of R&D subsidy on
R&D investment over time within the same industry. The results are robust across estimation
procedures although the effect sizes are relatively smaller. The finding of this robust positive
relationship leads us to design our theoretical model in Section 3.

3 The Model

In this section, we construct a multi-industry version of the semi-endogenous Schumpete-
rian growth model, and the underlying quality-ladder feature is based on the seminar work
of Grossman and Helpman (1991). We follow Segerstrom (1998) to remove scale effects in this
Schumpeterian model by allowing increasing difficulty in innovations. Furthermore, to consider
the effects of R&D subsidies, we modify this Schumpeterian model by introducing a lump-sum
tax that is imposed on the household to finance R&D subsidization as in the previous studies
such as Segerstrom (2000), Şener (2008), and Grossmann et al. (2013). We also assume that there
are two sectors producing different types of final and intermediate goods. To analyze the com-
parison between sector-specific R&D subsidies and general R&D subsidies, the two sectors in this
model are distinct by three industry-specific characteristics, namely, market size, technological
opportunity, and R&D duplication. As stated in Introduction, Klenow (1996) uses the first two
characteristics to well explain empirical differences in R&D intensity and productivity growth
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across industries.6 The last characteristic generates different rates of creative destruction across
sectors in our model, corresponding to the third industry feature studied in Klenow (1996), that
is, appropriability.

3.1 Households

Suppose that there is an economy admitting a representative household. The population size
of the household is Nt, and it grows at the rate of n > 0 such that Ṅt = nNt. The lifetime utility
function of the household (based on per capita utility) is given by

U =
∫ ∞

0
e−ρtlnctdt, (7)

where ct denotes the per capita consumption (numeraire) at time t, and ρ > 0 is the exogenous
discount rate. The law of motion for assets per person is given by

v̇t = (rt − n)vt + wt − ct − τt, (8)

where vt is the value of per capita assets, wt denotes the wage rate, rt is the interest rate, and τt is
the lump-sum (non-distorting) tax imposed by the government for financing R&D subsidization.
The household inelastically supplies one unit of labor, and maximizes (7) subject to (8). Then the
standard dynamic optimization yields the familiar Euler equation such that

ċt

ct
= rt − ρ− n. (9)

Moreover, the household owns a balanced portfolio of all firms in the economy.

3.2 Consumption

Following the previous literature of two-sector R&D-based growth models such as Klenow
(1996) and Chu (2011), consumption is derived from the aggregation of two types of final goods
according to the following Cobb-Douglas aggregator:

Ct = (Y1,t)
α (Y2,t)

1−α , (10)

where Yi,t denotes the final goods produced in sector i ∈ {1, 2}, and α ∈ (0, 1) determines the
market size of sector 1 in the production of final goods. From profit maximization, the demand
functions for Y1,t and Y2,t are given by

P1,tY1,t = αCt, (11)

6Chu (2011) shows that these two industry characteristics also help explain welfare differences between sector-
specific patent protection and uniform patent protection in a quality-ladder growth model, but his model is subject to
scale effects.
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P2,tY2,t = (1− α)Ct, (12)

where P1,t and P2,t represent the prices of Y1,t and Y2,t, respectively.

3.3 Final Goods

Final goods for consumption in sector i ∈ {1, 2} are produced competitively using a unit
continuum of fully depreciated intermediate goods indexed by variety j ∈ [0, 1], which follows
the standard Cobb-Douglas production function:

Yi,t = exp
(∫ 1

0
lnXi,t(j)dj

)
, (13)

where Xi,t(j) is the quantity of intermediate goods in variety j. Denote Pi,t(j) as the price of
Xi,t(j) and assume that there is free entry into the final-good sectors. This assumption together
with (13) yields the demand for variety j such that

Pi,tYi,t = Pi,t(j)Xi,t(j), (14)

where the price index of final goods is given by Pi,t = exp
(∫ 1

0 lnPi,t(j)dj
)

due to cost minimiza-
tion.

3.4 Intermediate Goods

In each variety j ∈ [0, 1] of sector i ∈ {1, 2}, intermediate goods are produced by a monopo-
listic leader who holds a patent on the latest innovation and are replaced by the products of an
entrant who has a new innovation due to the Arrow replacement effect. The current leader has the
following production function for the intermediate goods:

Xi,t(j) = zqi,t(j)Li,t(j), (15)

where the parameter z > 1 measures the step size of each quality improvement, qi,t(j) is the
number of innovations in variety j between time 0 and time t, and Li,t(j) is the employment level
of production labor in this variety. Given zqi,t(j), (15) implies that the marginal cost of producing
intermediate goods for the current leader in variety j is given by

MCi,t(j) =
wt

zqi,t(j)
. (16)

As commonly assumed in the literature, standard Bertrand competition implies that the cur-
rent leader charges a markup over the marginal cost to maximize profits. Similar to previous
studies such as Li (2001), Goh and Olivier (2002), and Iwaisako and Futagami (2013), because
of incomplete patent protection, the markup µ > 1 is a policy instrument that is set by patent
authority as patent breadth. Given that fiscal authority has no control over patent policy and
takes this policy as given in reality, the patent tool µ is considered as exogenous while designing
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optimal R&D subsidization. Hence, the monopolistic price is given by

Pi,t(j) = µMCi,t(j) = µ

(
wt

zqi,t(j)

)
, (17)

which is the limit price of the current leader against potential imitations.7 Consequently, the
leader’s profit in variety j is given by

Πx
i,t(j) =

(
µ− 1

µ

)
Pi,t(j)Xi,t(j) =

(
µ− 1

µ

)
Pi,tYi,t, (18)

where we substitute (14) into Πx
i,t(j) to derive the second equality. Finally, using (15)-(18) yields

the relation between the wage cost and the output value in variety j as follows:

wtLi,t(j) =
(

1
µ

)
Pi,t(j)Xi,t(j) =

(
1
µ

)
Pi,tYi,t. (19)

3.5 R&D and Innovations

Denote the real value of the most recent innovation in variety j of sector i by vi,t(j). Following
the standard literature, we focus on a symmetric equilibrium since Πx

i,t(j) = Πx
i,t for j ∈ [0, 1] from

(18).8 Then, vi,t(j) = vi,t in this symmetric equilibrium in which the arrival rate of innovation is
equal across varieties within a sector. Denote λi,t as the aggregate Poisson arrival rate of innovation
in sector i. As a result, the Hamilton-Jacobi-Bellman (HJB) equation for vi,t is given by

rtvi,t = Πx
i,t + v̇i,t − λi,tvi,t, (20)

which is the no-arbitrage condition for the asset value vi,t. In equilibrium, the return on this
asset rtvi,t equals the sum of the flow payoffs Πx

i,t, the potential capital gain v̇i,t, and the expected
capital losses λi,tvi,t because of creative destruction.

New innovations in each variety are invented by a unit continuum of R&D firms indexed by
ν ∈ [0, 1]. Each of these firms employs R&D labor Hi,t(ν) for producing inventions with the aid
of subsidization. The expected profit of the ν-th R&D firm is

Πr
i,t(ν) = vi,tλi,t(ν)− (1− si,t)wtHi,t(ν), (21)

where si,t ∈ (0, 1) is a subsidy rate to research given the evidence in Impullitti (2010) showing
that the subsidy rate to R&D investment in many OECD countries is positive. This R&D subsidy
is financed by the household’s lump-sum tax. Moreover, the firm-level arrival rate of innovation

7As assumed in Howitt (1999) and Segerstrom (2000), once the incumbent transfers the licensing for production to
the entrant, the incumbent leaves the market and cannot threaten to reenter. Therefore, the constrained monopolistic
markup of the current leader, which is reflected by the strength of patent breadth, is subject to potential imitations
from other competitive fringes rather than competition from previous innovators.

8See Cozzi et al. (2007) for justifying that the symmetric equilibrium in Schumpeterian growth models features
uniqueness and rational expectation.
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is given by
λi,t(ν) = ϕ̄i,tHi,t(ν), (22)

where ϕ̄i,t is R&D productivity. Then, the free entry into the R&D sector implies the zero-
expected-profit condition for R&D such that:

vi,tλi,t(ν) = (1− si,t)wtHi,t(ν). (23)

Denote Zi,t and Hi,t as the aggregate level of technology and of R&D labor in sector i, respec-
tively. We follow Chu et al. (2015) to assume that ϕ̄i,t = ϕi/

[
(Hi,t)

δi Zi,t

]
in order to combine two

sources of R&D externality that are commonly analyzed in the literature. First, the arrival rate of
innovation is subject to a fishing-out effect capturing increasing innovation complexity; the scale
effects are removed by this formulation as in Segerstrom (1998).9 Second, δi ∈ (0, 1) captures
the usual negative externality of R&D duplication within the industry as in Jones and Williams
(2000). We assume that the degree of R&D duplication externality varies across sectors because
we want to allow Z1,t and Z2,t to grow at different rates, which will be shown below. Additionally,
ϕi > 0 is the parameter of technological opportunity (i.e., productivity), which is also allowed to
vary across sectors as in Klenow (1996) and Chu (2011). In equilibrium, the aggregate-level arrival
rate of innovation equals the firm-level counterpart for each variety, namely, λi,t(ν) = λi,t, and it
can be expressed by

λi,t =
∫ 1

0
λi,t(ν)dν =

ϕi H
1−δi
i,t

Zi,t
. (24)

3.6 Aggregation

Using (13) and (15), we derive the production function for sector i ∈ {1, 2} such that Yi,t =

Zi,tLi,t, where Zi,t is defined as the sectoral (aggregate) technology given by

Zi,t = exp
(

lnz
∫ 1

0
qi,t(j)dj

)
= exp

(
lnz

∫ t

0
λi,ιdι

)
, (25)

where the second equality of (25) is based on the law of large numbers. Differentiating this
equation with respect to time yields the growth rate of technology in sector i given by

Żi,t

Zi,t
= λi,tlnz =

(Hi,t)
1−δi

Zi,t
ϕilnz. (26)

4 Decentralized Equilibrium

The equilibrium consists of a sequence of allocations [Ct, Y1,t, Y2,t, X1,t(j), X2,t(j), L1,t, L2,t, H1,t, H2,t]∞t=0,j∈[0,1]
and a sequence of prices [P1,t, P2,t, P1,t(j), P2,t(j), rt, wt, v1,t, v2,t, vt]∞t=0,j∈[0,1]. At each instant of time,

9Venturini (2012) shows that the assumption of increasing R&D difficulty in R&D-driven growth models is best
supported by empirical evidence for the US manufacturing industries during 1975–1996.
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• the representative household chooses [ct] to maximize lifetime utility given [rt, wt];
• competitive consumption firms produce [ct] by combining [Y1,t, Y2,t] to maximize profits

given [P1,t, P2,t];
• final-good producers choose [Y1,t, Y2,t] to maximize profits given [P1,t, P2,t, P1,t(j), P2,t(j)];
•monopolistic leaders for intermediate goods produce [X1,t(j), X2,t(j)] and choose [P1,t(j), P2,t(j), L1,t, L2,t]

to maximize profits given [wt];
• R&D firms choose [H1,t, H2,t] to maximize profits given [wt, v1,t, v2,t];
• the labor market clears such that L1,t + L2,t + H1,t + H2,t = Nt;
• the values of innovations add up to the household’s assets value such that v1,t + v2,t = vtNt.

4.1 Balanced Growth Path

In this subsection, we focus on the balanced growth path (BGP) in which the sectoral arrival
rate of innovation {λi,t} for i ∈ {1, 2} is stationary. Then, we derive the equilibrium labor
allocations for a stationary path of R&D subsidies {s1,t, s2,t}∞

t=0.10

On the BGP, since {λi,t} for i ∈ {1, 2} is stationary in the long run, so according to (26)
technologies {Z1,t, Z2,t} grow at a constant rate. This implies that the long-run growth rate of
sectoral technology is given by

gi ≡
Żi,t

Zi,t
= λi,tlnz = (1− δi)n, (27)

where the steady-state equilibrium value of λi is determined by the population growth rate n
and the degree of sectoral R&D duplication externality δi. Given the sectoral production function
Yi,t = Zi,tLi,t, we derive the growth rate of outputs in sector i given by

Ẏi,t

Yi,t
=

Żi,t

Zi,t
+

L̇i,t

Li,t
= gi + n = (2− δi)n. (28)

Differentiating the log of (10) with respect to time yields the growth rate of aggregate consump-

tion such that Ċt
Ct

= α
Ẏ1,t
Y1,t

+(1− α) Ẏ2,t
Y2,t

, and combining (27) implies Ċt
Ct
≡ gC = [2− (αδ1 + (1− α)δ2)] n.

In addition, the growth rate of per capita consumption is given by ċt
ct
≡ gc = [1− (αδ1 + (1− α)δ2)] n.

Next, we derive the steady-state equilibrium labor allocations in this economy. Denote li,t ≡
Li,t/Nt and hi,t ≡ Hi,t/Nt for i ∈ {1, 2} as per capita production labor and per capita R&D labor
in sector i, respectively. Consequently, we obtain the following result.

Lemma 1. Given constant R&D subsidies {s1, s2}, the equilibrium labor allocations are stationary and
given by

l1 =
α

1 + (µ− 1)
[

α
1−s1

λ1
ρ+λ1

+ 1−α
1−s2

λ2
ρ+λ2

] , (29)

10The dynamic properties of the class of semi-endogenous growth model put forward by Jones (1995a) have been
explored by recent studies. See, for example, Arnold (2006) for the analytical investigation on the uniqueness and
local stability of its steady state with certain parametric conditions.
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l2 =
1− α

1 + (µ− 1)
[

α
1−s1

λ1
ρ+λ1

+ 1−α
1−s2

λ2
ρ+λ2

] , (30)

h1 =
(µ− 1) α

1−s1

λ1
ρ+λ1

1 + (µ− 1)
[

α
1−s1

λ1
ρ+λ1

+ 1−α
1−s2

λ2
ρ+λ2

] , (31)

h2 =
(µ− 1) 1−α

1−s2

λ2
ρ+λ2

1 + (µ− 1)
[

α
1−s1

λ1
ρ+λ1

+ 1−α
1−s2

λ2
ρ+λ2

] , (32)

where λi = (1− δi)n/lnz for i ∈ {1, 2}.

Proof. See Appendix A.1.

The intuition of the steady-state equilibrium labor allocations is straightforward as follows. (i)
A larger α increases both l1 and h1, since a larger market size of final good 1 induces the economy
to assign more labor to both production and R&D in sector 1. (ii) A larger µ decreases l1 and
l2 but increases h1 and h2; intuitively, a larger patent breadth reallocates labor from production
to R&D within each sector. (iii) A larger s1 increases h1 but decreases l1, because a larger R&D
subsidy encourages more R&D incentives leading to a reallocation of labor from production to
R&D within sector 1. This implies that a higher R&D subsidy rate leads to an increase in R&D
investment within the industry, which is in line with the empirical result we obtained in Section
2. However, both l2 and h2 decrease in this case, so it is obvious that the sum of l1 and h1 is
increasing in s1.11 In other words, more labor is devoted to the sector with a higher level of R&D
subsidy.12 (iv) Similar to the effect of s1 on the labor allocations, a larger λ1 increases h1 but
decreases l1, l2, and h2. Interestingly, this result implies that a higher arrival rate of innovation
(due to a lower degree of R&D duplication given that λ1 = (1− δ1)n/lnz) not only reallocates
labor from production to R&D within the sector but also from the labor in the other sector.13 This
effect implies that more (less) labors are assigned to the sector with a strong (weak) engine of
growth. Finally, since this is a semi-endogenous growth model as in Jones (1995a), λi of sector i
is independent of the sectoral technological opportunity ϕi, which does not enter the steady-state
equilibrium labor allocations. Moreover, a permanent increase in R&D subsidies s1 and s2 does
not change the long-run growth rate of sectoral technology Żi,t/Zi,t for i ∈ {1, 2} and that of per
capita consumption gc.14

11More precisely, ∂(l1+h1)
∂s1

= (µ− 1) αλ1
ρ+λ1

[
1− α +

µ−1
1−s2

(1−α)λ2
ρ+λ2

]
> 0.

12In a modified Romer (1990) model where innovations and capital accumulation are both engines of long-run
economic growth, Chen et al. (2015) show that an R&D subsidy reallocates labor to R&D from production of capital
and of final goods. Nevertheless, when the relative productivity between the R&D and the capital-producing sectors
is sufficiently large (small), R&D subsidies become growth-enhancing (growth-retarding).

13More precisely, ∂(l1+h1)
∂λ1

= (µ− 1)(1− α)
αρ

ρ+λ1

[
1

1−s1
+ 1

1−s1

µ−1
1−s2

λ2
ρ+λ2

]
> 0.

14Nevertheless, a permanent increase in si increases li for i ∈ {1, 2} as implied by (31) and (32). Given that λi
is constant along the BGP, (26) implies that Zi,t/ (Nt)

1−δi must rise in the short run; Zi,t grows at a higher rate as
compared to its long-run rate (i.e., Żi,t/Zi,t > (1− δi)n). Therefore, a permanent increase in the R&D subsidy rate
causes a temporary increase in the growth rate of sectoral technology but a permanent increase in the level of sectoral
technology. These effects also hold for the growth rate and the level of per capita consumption. See Kim (2011) for a

16



5 Optimal R&D Subsidies and Social Welfare

In this section, we first derive the first-best labor allocations. Second, we derive sector-specific
optimal R&D subsidies that maximize welfare by targeting the R&D subsidy rate to each sector.
Third, we derive general optimal R&D subsidies that maximize welfare by setting a uniform rate
of R&D subsidy across sectors. Then, the first-best allocations are compared to the equilibrium
allocations under the two R&D subsidization schemes. Finally, we analyze the welfare differences
between the optimal R&D policy regimes.

In this economy, the long-run welfare of the representative household is given by its lifetime
utility in (7) along the BGP such that

U =
1
ρ

(
lnc0 +

gc

ρ

)
. (33)

Substituting (10), the condition c0 = C0/N0, and the growth rate of per capita consumption
gc = [1− (αδ1 + (1− α)δ2)] n into (33) yields

ρU = lnC0 = αlnY1,0 + (1− α)lnY2,0, (34)

where all the exogenous terms have been dropped. Recall the sectoral production function at
time 0 such that Yi,0 = Zi,0li,0Ni,0, where the level of sectoral technology along the BGP is given

by Zi,0 =
(Ni,0)

1−δi ϕilnz
(1−δi)n

(hi)
1−δi , which is a function of the R&D labor in sector i. Substituting these

two conditions into (34) yields

ρU = α [lnl1 + (1− δ1)lnh1] + (1− α) [lnl2 + (1− δ2)lnh2] , (35)

where all the exogenous terms have again been dropped. In (35), each labor allocation of
{l1, l2, h1, h2} depends on both s1 and s2.

5.1 First-Best Allocations

To derive the first-best labor allocations along the BGP, the social planner chooses a time path
of {l1,t, l2,t, h1,t, h2,t}∞

t=0 that maximizes the representative household’s welfare in (35). Therefore,
we obtain the following result.

Lemma 2. The optimal path of first-best labor allocations {l̂1, l̂2, ĥ1, ĥ2}∞
t=0 in this economy is stationary

and given by

l̂1 =

[
1 +

1− δ1

1 + ρ/n
1−δ1

+
1− α

α

(
1 +

1− δ2

1 + ρ/n
1−δ2

)]−1

, (36)

l̂2 =
1− α

α
l̂1, (37)

similar result and discussions on growth-increasing policies through permanently changing exogenous parameters in
a semi-endogenous growth model.

17



ĥ1 =

[
1− δ1

1 + ρ/n
1−δ1

]
l̂1, (38)

ĥ2 =
1− α

α

[
1− δ2

1 + ρ/n
1−δ2

]
l̂1. (39)

Proof. See Appendix A.2.

We will compare (36)-(39) to the steady-state equilibrium labor allocations under sector-
specific optimal R&D subsidies in subsection 5.2 and those under general optimal R&D sub-
sidies in subsection 5.3, respectively, so as to analyze the comparative statics of the optimal rates
of R&D subsidies under these policy regimes.

5.2 Sector-Specific Optimal R&D Subsidies

To consider the policy regime for sector-specific optimal R&D subsidies denoted by s∗1 and
s∗2 , we substitute (29)-(32) into (35) and differentiate ρU with respect to s1 and s2, respectively.
Combining the two first-order conditions derives the optimal rates of R&D subsidy by which the
government targets to different sectors to maximize social welfare. Accordingly, we obtain the
following result.

Proposition 1. The optimal rates of sector-specific R&D subsidies that maximize the welfare of the repre-
sentative household are given by

s∗1 = 1− µ− 1
1− δ1

λ1

ρ + λ1
, (40)

s∗2 = 1− µ− 1
1− δ2

λ2

ρ + λ2
. (41)

Proof. See Appendix A.3.

Substituting (40)-(41) into (29)-(32) yields the equilibrium labor allocations under this policy
regime given by

l∗1 =
α

1 + [α(1− δ1) + (1− α)(1− δ2)]
, (42)

l∗2 =
1− α

1 + [α(1− δ1) + (1− α)(1− δ2)]
, (43)

h∗1 =
α(1− δ1)

1 + [α(1− δ1) + (1− α)(1− δ2)]
, (44)

h∗2 =
(1− α)(1− δ2)

1 + [α(1− δ1) + (1− α)(1− δ2)]
. (45)

The comparative statics of sector-specific optimal R&D subsidies reveals that the optimal
R&D subsidy rate in sector i is increasing in the quality step size z but decreasing in the sectoral
degree of R&D duplication δi and the size of patent breadth (i.e., markup) µ. In addition, it is
independent of the market size (i.e., α for sector 1 and 1− α for sector 2).
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The intuition of the results in the first three parameters are straightforward and standard as
in the previous literature (e.g., Chu (2011) and Chu et al. (2015)). The first-best ratio of R&D
labor to production labor and the equilibrium counterpart in sector 1 are expressed by ĥ1/l̂1 =

(1− δ1)g1/(ρ + g1) and h1/l1 = (µ− 1)g1/[(1− s1)(ρlnz + g1)], respectively, where g1 = (1−
δ1)n and we use the fact that λ1 = g1/lnz. A larger z decreases h1/l1 relative to ĥ1/l̂1, which
reflects a worsening of the (positive) surplus-appropriability externality. Thus, s∗1 increases to
stimulate the equilibrium level of R&D in response. A larger δ1 and µ both increase h1/l1 relative
to ĥ1/l̂1, which captures a strengthening of the (negative) R&D duplication externality and a
strengthening of the (negative) business-stealing effect, respectively. Thus, s∗1 decreases to depress
the equilibrium level of R&D in response. An analogous reasoning can be applied for explaining
the comparative statics of s∗2 .

The above analysis indicates that the market size does not affect the equilibrium ratio of
R&D and production labor within a sector, since Lemma 2 reveals that an increase in the market
size increases production labor and R&D labor proportionately in the same sector. Furthermore,
the market size does not affect labor (re)allocations across sectors either. On the one hand, it
is important to notice that comparing (29)-(30) and (42)-(43) shows that the ratio of production
labor across sectors in equilibrium is socially optimal, i.e., l1/l2 = l̂1/l̂2 = α/(1− α). On the
other hand, combining (31) and (32) yields the across-sector R&D labor ratio in equilibrium such
that

h1

h2
=

α

1− α

1− s2

1− s1

g1/(ρlnz + g1)

g2/(ρlnz + g2)
, (46)

whereas combining (44) and (45) yields the first-best ratio of R&D labor across sectors given by

ĥ1

ĥ2
=

α

1− α

1− δ1

1− δ2

g1/(ρ + g1)

g2/(ρ + g2)
. (47)

Comparing (46) and (47) implies that the optimal R&D subsidy rates serve to partially reduce
the difference between h1/h2 and ĥ1/ĥ2; nevertheless, they only operate through the channels
of z, δ1, and δ2 but not through α. Consequently, this reasoning explains the independence of
s∗1 and s∗2 upon the market size. This result also implies that when δ1 = δ2 = δ, we obtain
s∗1 = s∗2 = s∗ = 1− µ−1

1−δ
λ

ρ+λ , where λ = (1− δ)n/lnz. Intuitively, given that the market size does
not play a role in reallocating labors under this policy regime, the between-sector differences in
labor allocations no longer exist in the presence of an equal sectoral degree of R&D duplication
externality; thus the optimal design for R&D subsidies becomes sector-invariant.

5.3 General Optimal R&D Subsidies

To consider the policy regime for general optimal R&D subsidies denoted by s̄, in this sub-
section the condition s1 = s2 = s is set. Then, as before we substitute (29)-(32) into (35) and
differentiate ρU with respect to s. This will derive the optimal rate of R&D subsidy by which the
government uses uniformly across the two sectors in order to maximize social welfare. Hence,
the following result is obtained.
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Proposition 2. The optimal rate of general R&D subsidies that maximizes the welfare of the representative
household is given by

s̄ =
α(1− δ1)

α(1− δ1) + (1− α)(1− δ2)
s∗1 +

(1− α)(1− δ2)

α(1− δ1) + (1− α)(1− δ2)
s∗2

= 1−
(µ− 1)

(
αλ1

ρ+λ1
+ (1−α)λ2

ρ+λ2

)
α(1− δ1) + (1− α)(1− δ2)

.

(48)

Proof. See Appendix A.4.

Substituting (48) into (29)-(32) yields the equilibrium labor allocations under this policy
regime given by

l̄1 =
α

1 + [α(1− δ1) + (1− α)(1− δ2)]
, (49)

l̄2 =
1− α

1 + [α(1− δ1) + (1− α)(1− δ2)]
, (50)

h̄1 =

αλ1
ρ+λ1

αλ1
ρ+λ1

+
(1−α)λ2

ρ+λ2

[α(1− δ1) + (1− α)(1− δ2)]

1 + [α(1− δ1) + (1− α)(1− δ2)]
, (51)

h̄2 =

(1−α)λ2
ρ+λ2

αλ1
ρ+λ1

+
(1−α)λ2

ρ+λ2

[α(1− δ1) + (1− α)(1− δ2)]

1 + [α(1− δ1) + (1− α)(1− δ2)]
. (52)

Proposition 2 shows that the optimal rate of general R&D subsidies is a weighted average of
the optimal rates of sector-specific R&D subsidies, and the optimal weights are α(1−δ1)

α(1−δ1)+(1−α)(1−δ2)

and (1−α)(1−δ2)
α(1−δ1)+(1−α)(1−δ2)

, respectively. The intuition of this result is simple. In the welfare function
(35) that takes into account the equilibrium labor allocations in (29)-(32), the only differences
between the sectors stem from the market size and the degree of R&D duplication externality.
Therefore, when the rate of R&D subsidy is constrained to be uniform across sectors, a balanced
weight must be put based on these differences. Additionally, this proposition confirms the fact
that if δ1 = δ2 = δ, then s̄ = s∗1 = s∗2 = s∗ implying that there is no difference between sector-
specific optimal R&D subsidies and general optimal R&D subsidies in the case of an equal degree
of R&D duplication externality across sectors.

The impacts of z, µ, and δi for i ∈ {1, 2} on the optimal subsidy rate s̄ are equivalent to
those on s∗1 and s∗2 and can be explained similarly. However, in contrast to the previous policy
regime, the market size now has an effect on s̄ depending on the relative magnitude of sectoral
R&D duplication externalities such that s̄ is increasing (decreasing) in α if δ1 < (>)δ2.15 In
other words, a larger market size in the sector that is more (less) growth-enhancing increases
(decreases) the optimal rate of general R&D subsidies.

15Specifically, ∂s̄/∂α =
µ−1

[α(1−δ1)+(1−α)(1−δ2)]
2

[
λ2(1−δ1)

ρ+λ2
− λ1(1−δ2)

ρ+λ1

]
, which is positive (negative) if δ1 < (>)δ2.
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To gain a better understanding of the comparative statics of α in s̄, we rewrite the welfare
function in (35) by multiplying 1− s on both the denominators and the numerators in (29)-(32)
and substituting them into (35), which is given by

ρŨ = ln(1− s)− [1 + α(1− δ1) + (1− α)(1− δ2)] ln
[

1− s + (µ− 1)
(

αλ1

ρ + λ1
+

(1− α)λ2

ρ + λ2

)]
,

(53)
where Ũ is used because we have dropped all exogenous terms. Inspecting (53) shows the
following result. On the one hand, an increase in the R&D subsidy rate decreases the production
labor in both sectors, which causes a negative welfare effect captured by the term ln(1− s). On the
other hand, an increase in the R&D subsidy rate increases the R&D labor in both sectors, which
causes a positive welfare effect captured by the term −[1 + α(1− δ1) + (1− α)(1− δ2)]ln[1− s +
(µ − 1)( αλ1

ρ+λ1
+ (1−α)λ2

ρ+λ2
)]. In this case, the optimal rate of R&D subsidy s̄ simply balances the

welfare gains and losses in (53). It is worthwhile noticing that when the long-run growth rate in
sector 1 is higher than that in sector 2 due to δ1 < δ2, the positive welfare effect is strengthened by
a larger market size in sector 1 since ∂ρŨ/∂α > 0. Hence, the optimal subsidy rate s̄ is induced
to rise for reinforcing the negative welfare effect, which will mitigate the above influence of α. A
similar reasoning also explains the comparative statics of α in the case of δ1 > δ2.

5.4 Welfare Difference between the R&D Subsidy Regimes

This section analytically compares the welfare difference between sector-specific optimal R&D
subsidies and general R&D optimal subsidies. We substitute (42)-(45) into (35) to compute the
discounted level of social welfare under sector-specific R&D subsidies denoted by ρU(s∗1 , s∗2), and
substitute (49)-(52) into (35) to compute the counterpart under general R&D subsidies denoted
by ρU(s̄1, s̄2), respectively. Accordingly, the welfare difference between these two policy regimes
is denoted by ρ∆U ≡ ρU(s∗1 , s∗2)− ρU(s̄1, s̄2).

It is shown that both R&D subsidy regimes achieve the same level of consumption production
because their allocations of production labor are identical and the sectoral ratio is efficient (i.e.,
l∗1 /l∗2 = l̄1/l̄2 = l̂1/l̂2 = α/(1− α)). Moreover, given that general optimal R&D subsidies depend
on the market sizes of the sectors but sector-specific R&D subsidies do not, this disparity in the
optimal policy design, along with the relative magnitude of R&D duplication, creates a wedge
on the R&D labor allocations between the regimes. Therefore, the welfare difference only stems
from the discrepancy of the R&D labor allocations, which affect the underlying levels of sectoral
technology under the regimes. Then, we obtain the following result.

Proposition 3. Sector-specific optimal R&D subsidies can generate a higher level of welfare than general
optimal R&D subsidies only if the degree of R&D duplication externality is smaller in the sector that has
a smaller market size, namely, δ1 < (>)δ2 when α < (>)1/2.

Proof. See Appendix A.5.

Using the equilibrium labor allocations under the optimal regimes, the welfare difference can
be expressed as ρ∆U = α(1− δ1)ln(h∗1/h̄1) + (1− α)(1− δ2)ln(h∗2/h̄2). Intuitively, given that the
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levels of production labor are the same under both regimes (i.e., l∗i = l̄i for i ∈ {1, 2}), more
(less) labor that is allocated to R&D in sector 1 under sector-specific R&D subsidies than under
general R&D subsidies enlarges (shrinks) the welfare difference because the technology level in
sector 1 under the former regime rises (declines). However, this case also implies that less (more)
labor is assigned to R&D in sector 2 under sector-specific R&D subsidies to lower (raise) the
technology level in sector 2 under this regime, which shrinks (enlarges) the welfare difference.
Whether sector-specific or general R&D subsidies are more welfare-improving depends on the
relative impact of the sectoral ratios of R&D labor on the welfare difference in addition to their
weights of significance, namely α(1− δ1) and (1− α)(1− δ2).

When sector 1 exhibits a lower degree of R&D duplication externality than sector 2 (i.e.,
δ1 < δ2), the R&D labor in sector 1 relative to sector 2 under sector-specific R&D subsidies
is higher than the counterpart under general R&D subsidies, namely (h∗1/h∗2)/(h̄1/h̄2) = (ρ +

λ1)/(ρ + λ2) > 1. In other words, the negative effect of R&D duplication externality in sector 1

is less severe under sector-specific R&D subsidies as compared to under general R&D subsidies.
The sector-specific regime internalizes this across-sector difference in the R&D externality effect
and responds by setting a larger R&D subsidy rate in sector 1 than in sector 2 (i.e., s∗1 > s∗2), since
the sector-specific optimal subsidy rate s∗i is decreasing in the degree of R&D duplication δi for
i = 1, 2. Nevertheless, the uniform regime neglects the effect of the across-sector difference in δ,
so, in the presence of a relatively small market size in sector 1 (i.e., α < 1/2), a uniform subsidy
rate leads to a lower sectoral ratio of R&D labors (i.e., h̄1/h̄2 = (α/(1− α))((1− δ1)/(1− δ2))((ρ+

λ2)/(ρ + λ1)) < h∗1/h∗2). Furthermore, due to equal allocations of production labor between the
regimes, it must be the case that h∗1/h̄1 > 1 > h∗2/h̄2 to ensure ρ∆U > 0. The above analysis
implies that relative to general R&D subsidies, the welfare gain brought by more R&D labor
allocated in sector 1 under sector-specific R&D subsidies dominates the welfare loss brought by
less R&D labor allocated in sector 2, so that sector-specific R&D subsidies are optimal. A similar
reasoning can be applied to explain the positive welfare difference for the situation when δ1 > δ2

and α > 1/2. This result also implies an interesting insight: if the welfare effect of reallocating
R&D labors is sufficiently strong, then R&D investment in a sector that grows relatively fast and
possesses a smaller market size at the same time could be subsidized more heavily to generate
welfare benefits.

Contrarily, for δ1 < δ2 and α > 1/2, the sector-specific R&D regime may still increase the
subsidy rate in sector 1 more than in sector 2 leading to h∗1/h∗2 = (α/(1− α))((1− δ1)/(1− δ2)) >

1. Nevertheless, the fact that (h∗1/h∗2)/(h̄1/h̄2) > 1 continues to hold. Suppose that a uniform
subsidy rate raises the sectoral ratio of R&D labor to a level that is not significantly lower than
h∗1/h∗2 , then the welfare loss due to less labor assigned in sector 2 under sector-specific R&D
subsidies outweighs the welfare gain due to more labor assigned in sector 1. Accordingly, general
R&D subsidies becomes optimal in this case.

Finally, it is worthwhile noting that Proposition 3 provides only the necessary condition for
sector-specific optimal R&D subsidies to be more welfare-improving. If the welfare effect of
labor allocations is not very strong, then general optimal R&D subsidies could be more welfare-
enhancing under the same condition (i.e., δ1 < (>)δ2 when α < (>)1/2). Consequently, given
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that the welfare difference between the above policy regimes is ambiguous depending on the pa-
rameter values, we resort to numerical examination by calibrating the model to the US economy.

5.4.1 Numerical Analysis

In this exercise, the steady-state values of nine parameters are required to be determined:
{ρ, z, µ, α, s1, s2, n, δ1, δ2}. As for the annual discount rate ρ, we choose a conventional value of
0.02. Following the empirical estimates for the US economy in Laitner and Stolyarov (2004),
we set the average markup µ to 1.1. As for the quality step size z, we follow Acemoglu and
Akcigit (2012) to set it to 1.05. Based on our empirical evidence, the R&D subsidy rates in the
manufacturing industry and in the service industry, i.e., s1 and s2 in our model, are 0.18 and 0.08,
respectively. According to World Bank national accounts data and the OECD national accounts
data, the share of net output of manufacturing to GDP and the net output of services to GDP in
the US are roughly 13.0% and 74.8%, respectively, during 1997-2017.16 We calibrate the market
size parameter α by matching these indicators such that α/(1− α) = 0.13/0.748, which yields a
value of 0.174. To determine the values of δ1 and δ2, we make use of the values of n, g1, and g2.
For the value of n, we set it to the average long-run growth rate of the number of R&D scientists
and engineers in the US, which according to the National Center for Science and Engineering
Statistics is around 3.5%.17 As for the growth rates of labor productivity in the manufacturing
and service sectors, according to the Bureau of Labor Statistics, the labor productivity growth
rate for the last 30 years is around 2.6% for the manufacturing sector, and 2.0% for the business
sector. Applying (27), we obtain the calibrated values of δ1 = 0.257 and δ2 = 0.429. The calibrated
parameters are reported in Table 5 accordingly.

Table 5: Calibrated parameter values

ρ z µ α s1 s2 n δ1 δ2

0.02 1.05 1.1 0.174 0.18 0.08 0.035 0.257 0.429

Given the above parameter values, the welfare level of the decentralized economy is U(s1, s2) =

−114.286. It is found that implementing either optimal subsidy regime, i.e., the sector-specific
R&D subsidies or the uniform R&D subsidy, is able to improve the welfare level. The welfare
change between steady-state equilibrium outcomes is expressed by the usual equivalent varia-
tion in consumption flow such that ξ ≡ exp(ρ∆U) − 1. We find that there is welfare gain of
ξ∗ = 0.570% from the decentralized equilibrium to the sector-specific regime, and ξ̄ = 0.565%
from the decentralized equilibrium to the uniform regime. In other words, the sector-specific
R&D subsidies are more welfare-enhancing as compared to the uniform regime. This result is
consistent with the implication of Proposition 3 that when δ1 < δ2 and α1 < 1/2, the regime

16The data are available at https://data.worldbank.org/indicator/NV.SRV.TOTL.ZS?locations=US.
17(26) indicates that the long-run growth rate of technologies in both sectors are driven by the growth rates of R&D

labor. Therefore, we set the value to the average long-run value of Ḣi/Hi, instead of the population growth rate.
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of sector-specific R&D subsidies tends to promote a higher welfare level.18 Nevertheless, the
welfare levels of the second-best policy regimes are still far from the counterpart of the first-best
outcome. The welfare gains of moving from the sector-specific regime and the uniform regime
to the social optimum are significant, which are ξ̂s = 4.457% and ξ̂u = 4.462%, respectively. The
results are summarized in Table 6.

Table 6: welfare differences among different policy regimes.

∆U ξ∗ ξ̄ ξ̂s ξ̂u

0.570 0.565 4.457 4.462

Notes: ξ∗, ξ̄, ξ̂s, and ξ̂u denote the welfare gains in percentage between between the equilibrium
and the sector-specific regime, between the equilibrium and the uniform regime, between the sector-
specific regime and the first-best outcome, and between the uniform regime and the first-best out-
come, respectively.

6 Conclusion

In this paper, we present a two-sector quality-ladder growth model to compare the welfare
effect of two different R&D policy regimes, namely, sector-specific optimal R&D subsidies and
general optimal R&D subsidies. The two sectors in our study are differentiated in terms of three
industry characteristics: market size, technological opportunity, and R&D duplication external-
ity. Under the former regime R&D subsidies are implemented differently across sectors, whereas
under the latter regime R&D subsidies are implemented uniformly. As for the optimal design
of R&D subsidies, it is found that sector-specific optimal R&D subsidies are decreasing in the
markup of firms and are smaller (larger) in the sector with more (less) R&D duplication exter-
nalities, namely in the slow- (fast-)growing sector. However, general optimal R&D subsidies are
a weighted average of sector-specific optimal R&D subsidies. In contrast to the independence of
the sector-specific policy design on the market sizes of the sectors, general optimal R&D subsidies
decrease (increase) when the market size of the slow- (fast-)growing sector becomes larger. Fi-
nally, sector-specific R&D subsidies can be more welfare-enhancing than general R&D subsidies
only if the R&D subsidy rates are set to be higher (lower) in the fast- (slow-) growing sector that
possesses a smaller (larger) market size. By calibrating the model to the US economy, our nu-
merical analysis shows that the welfare effect of adopting sector-specific optimal R&D subsidies
is slightly more prominent than that of adopting general optimal R&D subsidies.

18In the case of the current parametrization, the optimal R&D subsidy rates under the sector-specific regime are
s∗1 = 0.870 and s∗2 = 0.833, respectively, and the counterparts under the uniform regime are s̄1 = s̄2 = s̄ = 0.841. These
optimal R&D subsidy rates are similar to the one estimated by Grossmann et al. (2013).
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Appendix A

A.1 Proof of Lemma 1

Denote Φ1,t ≡ P1,tY1,t/v1,t. Then, setting Φ̇1,t = 0 and λ̇1,t = 0 yields their steady-state values
on the BGP such that Φ1 = µ

µ−1 (λ1 + ρ) and λ1 = (1− δ1)n/lnz. Hence, we make use of (9) and
(14) to derive v̇1,t/v1,t ≡ gv = gc + n = rt − ρ. Combining gv and the no-arbitrage condition for
R&D in (20) implies v1,t = Πx

1,t/(ρ + λ1). Given a stationary path of R&D subsidies {s1, s2}∞
t=0,

substituting this equation into the R&D free-entry condition in (23) yields the ratio of R&D and
production labors in sector 1 given by

h1,t

l1,t
=

µ− 1
1− s1

λ1

ρ + λ1
, (A.1)

which is stationary. The ratio of R&D and production labors in sector 2 is analogously derived
and given by

h2,t

l2,t
=

µ− 1
1− s2

λ2

ρ + λ2
. (A.2)

Furthermore, using (18), (19), and (26) yields the ratio of production labor across sectors such
that

l1,t

l2,t
=

α

1− α
. (A.3)

Finally, solving (A.1)-(A.3) with the labor-market-clearing condition l1,t + l2,t + h1,t + h2,t = 1
yields the steady-state equilibrium labor allocations in (29)-(32).

A.2 Proof of Lemma 2

The social planner maximizes (7) subject to the constraints of consumption production (i.e.,
(10) and Yi,t = Zi,tLi,t for i ∈ {1, 2}), the law of motion for sectoral technologies in (26) (i.e.,
Żi,t = ϕilnz (Hi,t)

1−δi for i ∈ {1, 2}), and the labor-market-clearing condition (i.e., L1,t + L2,t +

H1,t + H2,t = Nt), which yields the following current-value Hamiltonian

A.4
Θt =ln

(Z1,tL1,t)
α (Z2,tL2,t)

1−α

Nt
+ θ1,t

(
ϕ1lnzH1−δ1

1,t

)
+ θ2,t

(
ϕ2lnzH1−δ2

2,t

)
+ θ3,t (Nt − L1,t − L2,t − H1,t − H2,t) ,

(A.4)

where θ1,t, θ2,t, and θ3,t are the co-state variables for the constraints. Therefore, the FOCs for Li,t,
Hi,t, and Zi,t are given by

∂Θt

∂L1,t
=

α

L1,t
− θ3,t = 0, (A.5)

∂Θt

∂L2,t
=

1− α

L2,t
− θ3,t = 0, (A.6)
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∂Θt

∂H1,t
= θ1,t ϕ1lnz(1− δ1)H−δ1

1,t − θ3,t = 0, (A.7)

∂Θt

∂H2,t
= θ2,t ϕ2lnz(1− δ2)H−δ2

2,t − θ3,t = 0, (A.8)

∂Θt

∂Z1,t
=

α

Z1,t
= ρθ1,t − θ̇1,t, (A.9)

∂Θt

∂Z2,t
=

1− α

Z2,t
= ρθ2,t − θ̇2,t. (A.10)

Using (A.9) and the fact that Ż1,t = (1− δ1)nZ1,t along the BGP, we obtain a differential equa-
tion such that θ̇1,tZ1,t + θ1,tŻ1,t = [ρ + (1− δ1)n]θ1,tZ1,t − α. Setting this equation to zero yields
θ1,tZ1,t = α/[ρ + (1− δ1)n]. Similarly, we derive θ2,tZ2,t = (1− α)/[ρ + (1− δ2)n] from (A.10).
Thus, combining these results along with (A.5)-(A.8) yields

H1,t

L1,t
=

1− δ1

1 + ρ/n
1−δ1

, (A.11)

H2,t

L2,t
=

1− δ2

1 + ρ/n
1−δ2

, (A.12)

where we use the definition that λi,t = ϕi (Hi,t)
1−δi /Zi,t and the balanced-growth level of λi

such that λi = (1− δi)n/lnz for i ∈ {1, 2}. Finally, solving (A.5)-(A.6), (A.11)-(A.12), and the
labor-market-clearing condition yields the equilibrium allocations given by (36)-(39).

A.3 Proof of Proposition 1

Under the policy regime of sector-specific optimal R&D subsidies, the government chooses
s1 and s2 separately to maximize the welfare of the representative household. We then substitute
(29)-(32) into ρU in (35) and differentiate it with respect to s1 and s2, respectively, to obtain the
optimal rates of R&D subsidy. This yields the following two first-order conditions such that

s1 = 1−
[1 + (1− α)(1− δ2)] (µ− 1) αλ1

ρ+λ1

α(1− δ1)
[
1 + (µ− 1) 1

1−s2

(1−α)λ2
ρ+λ2

] , (A.13)

s2 = 1−
[1 + α(1− δ1)] (µ− 1) (1−α)λ2

ρ+λ2

(1− α)(1− δ2)
[
1 + (µ− 1) 1

1−s1

αλ1
ρ+λ1

] . (A.14)

Combining (A.13) and (A.14) yields a set of roots given by {s1 = 1, s2 = 1} and another set of
roots given by (40) and (41).19 However, the former set of roots {s1 = 1, s2 = 1} violates the
definition for the range of R&D subsidies, which is abandoned. Therefore, the latter set of roots
is selected as the solution for sector-specific optimal R&D subsidies.

19See the complementary Mathematica files for the derivation in this proof, which are available upon request.
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A.4 Proof of Proposition 2

Under the policy regime of general optimal R&D subsidies, the government chooses the
same level of s in both sectors to maximize the welfare of the representative household. We
apply the condition s1 = s2 = s in (29)-(32) and substitute them into ρU in (35). Differentiating
this equation with respect to s, we obtain the optimal subsidy rate s̄ given by (48). Moreover,
substituting s∗1 and s∗2 given by (40)-(41) into (48) verifies that the optimal rate of general R&D
subsidies is a weighted average of the optimal rates of sector-specific R&D subsidies, where the
optimal weights are α(1−δ1)

α(1−δ1)+(1−α)(1−δ2)
and (1−α)(1−δ2)

α(1−δ1)+(1−α)(1−δ2)
, respectively.

A.5 Proof of Proposition 3

Substituting (42)-(45) and (49)-(52) into (35) computes ρU(s∗1 , s∗2) and ρU(s̄1, s̄2), respectively.
Comparing these welfare levels yields the difference given by

ρ∆U = α(1− δ1)

ln
αλ1

ρ+λ1
+ (1−α)λ2

ρ+λ2

αλ1
ρ+λ1

− ln
α(1− δ1) + (1− α)(1− δ2)

α(1− δ1)


︸ ︷︷ ︸

M1

+ (1− α)(1− δ2)

ln
αλ1

ρ+λ1
+ (1−α)λ2

ρ+λ2

(1−α)λ2
ρ+λ2

− ln
α(1− δ1) + (1− α)(1− δ2)

(1− α)(1− δ2)


︸ ︷︷ ︸

M2

,

(A.15)

where we use the fact that l∗i = l̄i for i ∈ {1, 2}. Denote the term in the first bracket by M1 and
the one in the second bracket by M2. It is clear that when δ1 = δ2, we obtain M1 = M2 = 0 and
ρ∆U = 0, implying that there is no welfare difference between ρU(s∗1 , s∗2) and ρU(s̄1, s̄2) since
optimal R&D subsidies under the two regimes are identical, namely s∗1 = s∗2 = s̄. Furthermore,
it can be shown that when δ1 < δ2, M1 > 0 > M2, whereas when δ1 > δ2, M1 < 0 < M2, which
makes the sign of ρ∆U ambiguous. Inspecting (A.15), it is known that the sign of ρ∆U depends
on the relationship between α(1−δ1)

(1−α)(1−δ2)
and ρ+λ1

ρ+λ2
in addition to the relative magnitude of δ1 and

δ2. Consequently, for δ1 6= δ2, we will have the following six cases for the welfare comparison,
and each case is proved by contradiction.

Case 1. Suppose α(1−δ1)
(1−α)(1−δ2)

≥ ρ+λ1
ρ+λ2

> 1. This case corresponds to δ1 < δ2. Then, we can derive
(A.15) as follows

ρ∆U > (1− α)(1− δ2)

ln
(

1 +
(1− α)λ2

αλ1

ρ + λ1

ρ + λ2

)
+ ln

(
1 +

αλ1

(1− α)λ2

ρ + λ2

ρ + λ1

)
− 2ln

α(1− δ1) + (1− α)(1− δ2)

(1− α)(1− δ2)


≥ 2(1− α)(1− δ2)

[
ln
(

1 +
(1− α)λ2

αλ1

ρ + λ1

ρ + λ2

)
− ln

(
1 +

α

1− α

1− δ1

1− δ2

)]
,

(A.16)
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where the first inequality is obtained by using δ1 < δ2 and α(1−δ1)
(1−α)(1−δ2)

> 1 whereas the second

inequality is obtained by using α(1−δ1)
(1−α)(1−δ2)

≥ ρ+λ1
ρ+λ2

. To ensure that the expression in the second

line of (A.16) is nonnegative, it is easy to show that the condition (1−α)λ2
αλ1

≥ 1 must be satisfied,
but it violates the implication of the assumption that is imposed. Therefore, it is only possible
that ρU(s∗1 , s∗2) ≤ ρU(s̄1, s̄2) in this case.

Case 2. Suppose α(1−δ1)
(1−α)(1−δ2)

≥ 1 > ρ+λ1
ρ+λ2

. This case corresponds to δ1 > δ2. Then, we can derive
(A.15) as follows

ρ∆U ≤ α(1− δ1)

ln
(

1 +
(1− α)λ2

αλ1

ρ + λ1

ρ + λ2

)
+ ln

(
1 +

αλ1

(1− α)λ2

ρ + λ2

ρ + λ1

)
− 2ln

α(1− δ1) + (1− α)(1− δ2)

α(1− δ1)


< 2α(1− δ1)

[
ln
(

1 +
αλ1

(1− α)λ2

ρ + λ2

ρ + λ1

)
− ln

(
1 +

1− α

α

1− δ2

1− δ1

)]
,

(A.17)

where the first inequality is obtained by using δ1 > δ2 and α(1−δ1)
(1−α)(1−δ2)

≥ 1 whereas the second

inequality is obtained by using α(1−δ1)
(1−α)(1−δ2)

> ρ+λ1
ρ+λ2

. To ensure that the expression in the second

line of (A.17) is nonpositive, it is easy to show that the condition (1−α)λ2
αλ1

> 1 must be satisfied,
but it violates the implication of the assumption that is imposed. Therefore, it is only possible
that ρU(s∗1 , s∗2) ≥ ρU(s̄1, s̄2) in this case.

Case 3. Suppose 1 > α(1−δ1)
(1−α)(1−δ2)

≥ ρ+λ1
ρ+λ2

. This case corresponds to δ1 > δ2. Then, we can derive
(A.15) as follows

ρ∆U > α(1− δ1)

ln
(

1 +
(1− α)λ2

αλ1

ρ + λ1

ρ + λ2

)
+ ln

(
1 +

αλ1

(1− α)λ2

ρ + λ2

ρ + λ1

)
− 2ln

α(1− δ1) + (1− α)(1− δ2)

α(1− δ1)


≥ 2α(1− δ1)

[
ln
(

1 +
(1− α)λ2

αλ1

ρ + λ1

ρ + λ2

)
− ln

(
1 +

1− α

α

1− δ2

1− δ1

)]
,

(A.18)

where the first inequality is obtained by using δ1 > δ2 and α(1−δ1)
(1−α)(1−δ2)

< 1 whereas the second

inequality is obtained by using α(1−δ1)
(1−α)(1−δ2)

≥ ρ+λ1
ρ+λ2

. To ensure that the expression in the second
line of (A.18) is nonnegative, it is easy to show that the condition δ1 ≤ δ2 must be satisfied,
but it violates the implication of the assumption that is imposed. Therefore, it is only possible
that ρU(s∗1 , s∗2) ≤ ρU(s̄1, s̄2) in this case. For the case such that 1 ≥ α(1−δ1)

(1−α)(1−δ2)
> ρ+λ1

ρ+λ2
, it also

corresponds to δ1 > δ2. The proof for this case is similar to that for Case 3, which still leads to
the result ρU(s∗1 , s∗2) ≤ ρU(s̄1, s̄2).

Case 4. Suppose 1 < α(1−δ1)
(1−α)(1−δ2)

≤ ρ+λ1
ρ+λ2

. This case corresponds to δ1 < δ2. Then, we can derive
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(A.15) as follows

ρ∆U > (1− α)(1− δ2)

ln
(

1 +
(1− α)λ2

αλ1

ρ + λ1

ρ + λ2

)
+ ln

(
1 +

αλ1

(1− α)λ2

ρ + λ2

ρ + λ1

)
− 2ln

α(1− δ1) + (1− α)(1− δ2)

(1− α)(1− δ2)


≥ 2(1− α)(1− δ2)

[
ln
(

1 +
αλ1

(1− α)λ2

ρ + λ2

ρ + λ1

)
− ln

(
1 +

α

1− α

1− δ1

1− δ2

)]
,

(A.19)

where the first inequality is obtained by using δ1 < δ2 and α(1−δ1)
(1−α)(1−δ2)

> 1 whereas the second

inequality is obtained by using α(1−δ1)
(1−α)(1−δ2)

≤ ρ+λ1
ρ+λ2

. To ensure that the expression in the second
line of (A.19) is nonnegative, it is easy to show that the condition δ1 ≥ δ2 must be satisfied,
but it violates the implication of the assumption that is imposed. Therefore, it is only possible
that ρU(s∗1 , s∗2) ≤ ρU(s̄1, s̄2) in this case. For the case such that 1 ≤ α(1−δ1)

(1−α)(1−δ2)
< ρ+λ1

ρ+λ2
, it also

corresponds to δ1 < δ2. The proof for this case is similar to that for Case 4, which still leads to
the result ρU(s∗1 , s∗2) ≤ ρU(s̄1, s̄2).

Case 5. Suppose α(1−δ1)
(1−α)(1−δ2)

≤ 1 < ρ+λ1
ρ+λ2

. This case corresponds to δ1 < δ2. Then, we can derive
(A.15) as follows

ρ∆U ≤ (1− α)(1− δ2)

ln
(

1 +
(1− α)λ2

αλ1

ρ + λ1

ρ + λ2

)
+ ln

(
1 +

αλ1

(1− α)λ2

ρ + λ2

ρ + λ1

)
− 2ln

α(1− δ1) + (1− α)(1− δ2)

(1− α)(1− δ2)


< 2(1− α)(1− δ2)

[
ln
(

1 +
(1− α)λ2

αλ1

ρ + λ1

ρ + λ2

)
− ln

(
1 +

α

1− α

1− δ1

1− δ2

)]
,

(A.20)

where the first inequality is obtained by using δ1 < δ2 and α(1−δ1)
(1−α)(1−δ2)

≤ 1 whereas the second

inequality is obtained by using α(1−δ1)
(1−α)(1−δ2)

< ρ+λ1
ρ+λ2

. To ensure that the expression in the second

line of (A.20) is nonpositive, it is easy to show that the condition (1−α)λ2
αλ1

< 1 must be satisfied,
but it violates the implication of the assumption that is imposed. Therefore, it is only possible
that ρU(s∗1 , s∗2) ≥ ρU(s̄1, s̄2) in this case.

Case 6. Suppose α(1−δ1)
(1−α)(1−δ2)

≤ ρ+λ1
ρ+λ2

< 1. This case corresponds to δ1 > δ2. Then, we can derive
(A.15) as follows

ρ∆U > α(1− δ1)

ln
(

1 +
(1− α)λ2

αλ1

ρ + λ1

ρ + λ2

)
+ ln

(
1 +

αλ1

(1− α)λ2

ρ + λ2

ρ + λ1

)
− 2ln

α(1− δ1) + (1− α)(1− δ2)

α(1− δ1)


≥ 2α(1− δ1)

[
ln
(

1 +
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(1− α)λ2

ρ + λ2

ρ + λ1

)
− ln

(
1 +

1− α

α

1− δ2

1− δ1

)]
,

(A.21)
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where the first inequality is obtained by using δ1 > δ2 and α(1−δ1)
(1−α)(1−δ2)

< 1 whereas the second

inequality is obtained by using α(1−δ1)
(1−α)(1−δ2)

≤ ρ+λ1
ρ+λ2

. To ensure that the expression in the second

line of (A.21) is nonnegative, it is easy to show that the condition (1−α)λ2
αλ1

≤ 1 must be satisfied,
but it violates the implication of the assumption that is imposed. Therefore, it is only possible
that ρU(s∗1 , s∗2) ≤ ρU(s̄1, s̄2) in this case.

Accordingly, summing up the cases where ρU(s∗1 , s∗2) ≥ ρU(s̄1, s̄2) is straightforward to show
that the condition α

1−α ≥
1−δ2
1−δ1

> 1 must hold in Case 2 and the condition α
1−α ≤

1−δ2
1−δ1

< 1 must
hold in Case 5, respectively. In other words, ρU(s∗1 , s∗2) can be greater than ρU(s̄1, s̄2) only if
δ1 > (<)δ2 in the presence of α/(1− α) > (<)1. This completes the proof.
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